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In a process that is integral to a measurement system, some variation is likely to occur. Measurement
system analysis is an important area of study that is able to determine the amount of variation. In evalu-
ating a measurement system’s variation, the most adequate technique, once an instrument is calibrated,
is gauge repeatability and reproducibility (GR&R). For evaluating multivariate measurement systems,
however, discussion has been scarce. Some researchers have applied multivariate analysis of variance
to estimate the evaluation indexes; here the geometric mean is used as an agglutination strategy for
the eigenvalues extracted from variance-covariance matrices. This approach, however, has some weak-
nesses. This paper thus proposes new multivariate indexes based on four weighted approaches. Statistical
analysis of empirical and data from the literature indicates that the most effective weighting strategy in
multivariate GR&R studies is based on an explanation of the percentages of the eigenvalues extracted

Keywords:

Measurement system analysis
Repeatability and reproducibility
Multivariate analysis of variance
Turning process

from a measurement system’ matrix.
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1. Introduction

To properly monitor and improve a manufacturing process, it is
necessary to measure attributes of the process’s output. For any
group of measurements collected for this purpose, at least part
of the variation is due to the measurement system itself. This is
because repeated measurements of any particular item occasion-
ally result in different values [1-7]. To ensure that measurement
system variability is not detrimentally large, it is necessary to con-
duct measurement system analysis (MSA). Such a study can be
conducted in virtually any type of manufacturing industry. MSA
helps to quantify the ability of a gauge or measuring device to pro-
duce data that supports analyst’s decision-making requirements
[8]. The purpose of this study is to (i) determine the amount of vari-
ability in collected data that is due to the measurement system, (ii)
isolate the sources of variability in the measurement system, and
(iii) assess whether the measurement system is suitable for use in
a broader project or other applications [9,10]. According to He et al.
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[11], MSA is an important element of Six Sigma as well as of the
ISO/TS 16949 standards.

The most common study in MSA to evaluate the precision of
measurement systems is gauge repeatability and reproducibility
(GR&R). Repeatability represents the variability from the gauge or
measurement instrument when it is used to measure the same unit
(with the same operator or setup or in the same time period). Repro-
ducibility reflects the variability arising from different operators,
setups, or time periods [7,10,12-17]. Some works in the literature
[18-21] have used repeatability and/or reproducibility concepts;
these, however, ignored GR&R statistical analysis in comparing
measurement system variation to process variation. These stud-
ies involving only gauge variability are insufficient to determine
whether the measurement system is able to monitor a particular
manufacturing process. If variation due to the measurement system
is small relative to the variation of the process, then the measure-
ment system is deemed capable. This means the system can be
used to monitor the process [9]. GR&R studies must be performed
any time a process is modified. This is because as process varia-
tion decreases, a once-capable measurement system may now be
incapable. Two methods commonly used in the analysis of a GR&R
study are: (1) analysis of variance (ANOVA) and (2) Xbar and R chart
[5,10]. Analysts prefer the ANOVA method because it measures the
operator-to-part interaction gauge error—a variation not included
in the Xbar and R method [4].
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Currently, the ANOVA method for GR&R studies can be applied
only to univariate data [5,22]. To discriminate among products,
however, manufacturers often use more than a single measure-
ment on a single product characteristic [9]. To estimate evaluation
indexes in such a GR&R study, the analyst must consider the cor-
relation structure among the characteristics, a task more suited
to multivariate methods [7]. Using automotive body panel gauge-
study data, Majeske [3] demonstrated how to fit multivariate
analysis of variance (MANOVA) model and estimate the evalua-
tion indexes to multivariate measurement systems. In his analysis,
it was shown that the multivariate approach had resulted in a
more practical representation of the errors and led the manu-
facturer to approve the gauge. Wang and Yang [22] presented a
GR&R study with multiple characteristics using principal compo-
nent analysis (PCA). The authors pointed out that when correlated
quality characteristics are present a GR&R study must be con-
ducted carefully. In this case study, the composite indexes P/T
(precision-to-tolerance) and %R&R (percentage of repeatability and
reproducibility) with ANOVA method were overestimated by the
PCA by 35.75% and 11.54%, respectively. Wang and Chien [5] ana-
lyzed a measurement system using a multivariate GR&R study
and provided the confidence interval for two measures P/T and
the number of distinct categories (ndc). Through a case study, the
authors assessed the performance of three methods (ANOVA, PCA
and POBREP—process-oriented basis representation). The authors
argued that POBREP outperformed the others by being able to
identify the causes of production problems. Peruchi et al. [7] pro-
posed a multivariate GR&R method based on weighted PCA. The
method was applied to experimental and simulated data to com-
pare its performance to univariate and multivariate methods. The
authors demonstrated that their weighted principal component
(WPC) method was more robust than the others, considering not
only several correlation structures but also distinct measurement
systems.

Larsen [23] extended the univariate GR&R study to a com-
mon manufacturing test scenario where multiple characteristics
were tested on each device. Illustrating with examples from an
industrial application, the author showed that total yield, false fail-
ures, and missed false estimates could lead to improvements in
the production test process and hence to lower production costs
and, ultimately, to customers receiving higher quality products.
Flynn et al. [24] used regression analysis to analyze the compar-
ative performance capability between two functionally equivalent
but technologically different automatic measurement systems. For
such accurate measurements as repeatability and reproducibility,
the authors found as inappropriate the “pass/fail” criteria for the
unit being tested. Hence, they proposed a methodology based on
PCA and MANOVA to examine whether there was a statistically sig-
nificant difference among the measurement systems. He et al. [11]
proposed a PCA-based approach in MSA for the in-process monitor-
ing of all instruments in multisite testing. The approach considers
a faulty instrument to be one whose statistical distribution of mea-
surements differs significantly from the overall distribution across
multiple test instruments. Their approach can be implemented as
an online monitoring technique for test instruments so that, until
a faulty instrument is identified, production goes uninterrupted.
Parente et al. [25] applied univariate and multivariate methods
to evaluate repeatability and reproducibility of the measurement
of reverse phase chromatography (RP-HPLC) peptide profiles of
extracts from cheddar cheese. The ability to discriminate different
samples was assessed according to the sources of variability in their
measurement and analysis procedure. The authors showed that
their study had an important impact on the design and analysis of
experiments for the profiling of cheese proteolysis. Inferential sta-
tistical techniques helped them analyze the relationships between
design variables and proteolysis.

This paper focuses on multivariate analysis of variance method
applied to GR&R studies (Section 2). The relevance of this topic
lies in the fact that the variation of more complex measurement
systems must be evaluated by more sophisticated methods. When
multiple correlated characteristics are being monitored, multivari-
ate analysis of variance can be applied to more precisely assess
a measurement system. For calculating a multivariate evaluation
index, however, a limitation can be found with the geometric mean
strategy. To estimate the multivariate evaluation index, no attempt
was made to quantify the greater importance to the most significant
pair of eigenvalues, extracted from variance—covariance matrices
for process, measurement system, and total variation. Therefore,
the aim of this research is to come up with solutions to this prob-
lem by adopting weighted approaches to estimate the multivariate
evaluation index (Section 3). The problem statement in this paper
has been raised while assessing correlated roughness parameters
from the AISI 12L14 turning process (Sections 4 and 5). Due to dis-
tinct estimates among the multivariate indexes, the authors have
alsoincluded more numerical examples from the literature to show
how the new proposed indexes obtained better accuracy (Section
6).Based on the large data set analyzed, the authors concluded that
the weighted approaches using the explanation percentages of the
eigenvalues extracted from measurement system matrix were the
most appropriate strategy for multivariate GR&R studies assessed
by multivariate analysis of variance (Section 7).

2. Measurement system analysis by multivariate GR&R
study

When reporting the result of a measurement of a physical quan-
tity, it is required that some quantitative indication of the quality
of the result be given to assess its reliability. Measurement Uncer-
tainty is a term that is used internationally to describe the quality of
a measurement value. In essence, uncertainty is the value assigned
to a measurement result that describes, within a defined level of
confidence, the range expected to contain the true measurement
result [26,27]. AIAG [4] states that the major difference between
uncertainty and the MSA is that the MSA focus is on understand-
ing the measurement process to promote improvements (variation
reduction). MSA determines the amount of error in the process and
assesses the adequacy of the measurement system for product and
process control. MSA applies statistical techniques to quantify pro-
cess and measurement system components of variation. A general
ANOVA model in MSA is represented by Eq. (1) [4,8,9,17,28]:

Y=X+E (1)

In this expression, Y is the measured value of a randomly
selected part from a manufacturing process, X is the true value of
the part, and E is the measurement error attributed to the measure-
ment system. The terms X and E are independent normal random
variables with means j; and p;s and variances og and o2, respec-
tively. The mean ;s is referred to as the measurement system’s
bias. Typically, this bias can be eliminated by proper calibration of
the system [9]. Thus, if it is assumed ums =0, it can also be con-
cluded that wy = up. If this assumption is violated, it will affect the
estimation of y, but not the estimation of the variances. Since in a
GR&R study the variances are of primary interest, the ANOVA model
with p parts, o operators and r replicates can be expanded to Eq. (2)
[6,7,17,29]:

i=1,2,...,p
j=1,2,...,0 (2)
k

=1,4,...

Y = pu+ai+ B + (@B + €ijk

In this expression, wu is the mean of the measured value
(assuming wms =0 and py=pup as mentioned above), ¢; is the
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variance for process, f; is the variance for operators, (aB); is
the variance for process and operators interaction, and &;j, is the
variance for repeatability (random error). The ANOVA method for
GR&R studies can be applied to one single quality characteristic
only. For measurement systems that are capable of measur-
ing g correlated Ys, the model in Eq. (2) turns into a matrix
representation, through multivariate analysis of variance, where
Y=(Y1,Y2,...,Yg) and p=(p1, M2, .., q) are constant vectors;
;~N(0, Xq), Bj ~N(0, Xg), @By ~N(0, Xr6), and g3 ~ N(0, X ) are
random vectors statistically independent of each other. To esti-
mate the variance-covariance matrices in Eq. (2), mean squares
matrices MSP (process variation), MSO (operator), MSPO (pro-
cess x operator interaction) and MSE (random error term) are
calculated as such, Egs. (3)-(6):

MSPy,y, = 1 Z ~Ya.) b - wa)/ 3)
r [
MSOvay, = o525 > (Fay — Yo )¥y, — T ) 4)
j=1
MSPOyayy = (p-1)o-1) o—1 ZZ(Y“U - ain +Ya )
i=1 j=1
x (Yo, =Yy —Yp, +Y ¥ (5)
_1 D o r
MSEyqy;, = WZZZ(YGW —a XYoy — o) (6)

i=1 j=1 k=1

In these expressions, the subscript Y,Y, refers to the pair of
variables for calculating mean square matrices, Ya;;, represents
the kth reading by jth operator of the ith part for the measurand
a. Ya. =", ;.)=1Z£=1Yaij,</por, Ya; = Z;)=1E£=1Yaijk/or,
Yaj =50 S Yay/pr, and Ya; =", _, Yay/r indicate aver-
ages taken across the subscripts replaced by a period [30-32].
Then, the variance-covariance matrices are estimated for process
(Zp)v reproducibility (Zreproducibility)v repeatability (Erepeatability)v
measurement system ():Tms) and total variation (ﬂ), according to
Egs. (7)-(11):

MSP — MSPO

Zp=To= - or (7)
Sreproducibility = 28 + Lap = Mso ;rMSPO n MSPOr— MSE g
53repeambi1iry = 25 = MSE 9)
Sims = 2r9peatability + Zreproducibility (10)
Se=3,+ s (11)

If the interaction effect is not significant, the model of Eq. (2) can
be reduced to the model of Eq. (12). In this case, the mean square
matrix of MSE is estimated by Eq. (13) and variance-covariance
matrices for part (process) and reproducibility (operator) are
estimated using, respectively, Eqs. (14) and (15). MSP, MSO,
):?repeamb,»,,-ty, 3 .ms and ¥, are estimated using previously mentioned
Egs. (3), (4),(9),(10) and (11), respectively.

i=1,2,...,p
Y=p+o;+Bj+e¢i=12,..0 (12)
k=1,2,...,1r

‘ Unacceptable %R&R > 30%
Marginal 10% < %R&R < 30%
. Acceptable %R&R <10%

Fig. 1. GR&R criteria for measurement system acceptability.

MSEvays = por—p—o+ por—p—o+1 ZZZ(Y‘W ax; it Ya 2
i=1 j=1 k=1
x (Vo =V, = Yo, +% ) (13)
& S MSP — MSE
Yp=2g= or (14)
& & MSO — MSE
z:reproducibility = Eﬂ = (15)

pr
The multivariate version of the %R&R index with g charac-
teristics proposed by Majeske [3] is called here G index and is
calculated by Eq. (16). Ams; and Ay Vi=1,2,...,q are eigenval-
ues extracted from variance-covariance matrices, Xns and X;:

by 1/q
ms; o
= (HM n, > x 100% (16)
=

For measurement systems whose purpose is to analyze a pro-
cess, a general guideline for measurement system acceptability is
presented in Fig. 1. If the measurement system, according to the
index, is <10%, then it is considered acceptable. If it is between 10%
and 30%, then it is considered marginal—acceptable depending on
the application, the cost of the measurement device, the cost of
repair and other factors. If the measurement system exceeds 30%,
then it is considered unacceptable and should be improved [3,5,7].

3. Multivariate GR&R study using weighted approaches

To obtain the evaluation index to the measurement system,
Majeske [3] applied geometric mean to the ratio \/Ams/A:. TO
estimate G index, no attempt was made to quantify the greater
importance to the most significant pair of eigenvalues, extracted
from variance-covariance matrices. A more accurate index would
determine a strategy of weighting to take into consideration the
most significant information concerning the \/Ams/A; ratios and
accordingly refine the multivariate index estimation. As a result,
this article adopts weighted approaches upon y/Ams/A; ratio that
are based on geometric and arithmetic means to propose four new
evaluation indexes for multivariate measurement systems. These
new indexes, WA, WAns, WG and WG,;5, can be obtained based on
Eqgs.(17)and (18):

WA = Z( 1/)\'”")xloo% (17)

d A
msi
WG = H< A )
=

Inthisexpression, W;Vi=1,...,qarethe explanatlon percentage
of the eigenvalues extracted from either % : =(Ag/ EJ 1)Lt)

= (Ams; /ZJ 1Am5) The WA; and WAms indexes are

i

x 100% (18)

or Sms: W
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Table 1
Roughness measured for the turning process of mild steel.
k=1 k=2 k=3 k=4

j i Rq Ry R, Rq R Rq Ry R, Rq R Rq Ry R, Rq Ry Rq Ry R, Rq Re

1 1 141 865 7.14 176 8.86 1.50 897 755 1.82 9.19 153 806 673 177 806 146 7.08 647 1.72 8.28
1 2 142 1005 7.13 174 10.05 130 911 669 1.66 949 135 864 744 167 9.05 139 947 7.07 1.69 9.47
1 3 142 947 747 1.76 947 151 889 742 1.88 943 122 719 640 150 748 1.40 9.01 723 177 9.46
1 4 1.81 9.74 766 2.08 9.74 1.77 951 792 207 1006 172 728 663 195 748 192 1067 822 223 1107
1 5 2.06 740 7.03 228 7.58 2.06 726 696 2.26 756 208 710 697 230 722 203 738 7.04 226 7.43
1 6 220 7.81 746 241 792 217 7.85 734 239 785 219 749 728 241 777 215 8.06 738 238 8.06
1 7 175 844 838 212 889 197 1030 973 253 1031 172 831 7.77 206 858 207 985 9.65 2.56 9.96
1 8 0.81 536 433 1.01 536 0.79 429 391 098 430 084 554 412 103 554 079 454 404 1.00 4.61
1 9 077 441 391 0.96 4.55 0.79 514 418 1.00 515 084 442 395 104 442 084 558 476 131 5.89
1 10 1.83 929 836 220 972  1.62 847 711 192 9.08 184 891 7.80 216 926 196 9.78 800 226 10.60
1 11 173 717 650 2.00 717  1.72 761 669 199 763 175 761 675 202 761 171 7.08 650 1.98 7.38
1 12 200 831 7.72 228 8.65 1.83 7.80 724 211 783 186 798 733 215 819 1.89 8.06 7.48 217 8.34
2 1 140 8.67 728 1.76 891 155 889 755 1.87 895 152 868 672 185 8.68 144 694 639 170 7.90
2 2 141 1004 720 174 1019 131 9.12 6.69 1.67 951 136 9.13 6.88 166 937 141 1000 6.71 1.68 10.60
2 3 143 9.56 7.54 1.76 9.61 1.51 887 740 1.88 937 118 7.10 631 147 7.70 144 9.00 7.70 1.84 9.46
2 4 184 1047 8.09 214 1080 1.78 937 797 207 999 170 734 6.68 194 757 193 993 822 224 1141
2 5 2.06 724 7.01 227 743  2.06 731 697 227 753 208 709 700 230 729 207 738 721 230 7.70
2 6 220 776 743 241 795 217 782 733 239 782 219 748 728 241 783 214 8.02 741 237 8.02
2 7 175 842 834 212 889 197 10.00 9.62 253 1007 172 844 7.84 207 869 206 9.78 9.64 256 9.94
2 8 0.82 551 434 1.02 551 0.76 428 391 096 428 085 517 419 1.05 519 078 457 409 0.99 4.67
2 9 078 439 396 0.98 439 0.79 440 405 099 457 084 441 4.00 1.03 459 0384 555 471 130 5.77
2 10 1.84 932 836 221 9.74 1.62 862 7.10 192 916 183 883 776 216 913 196 934 794 226 10.22
2 11 174 711 649 2.00 711 1.72 7.69 6.69 2.00 769 174 748 676 201 753 1.71 7.08 652 198 7.40
2 12 2.00 830 7.67 2.28 859 1.84 781 7.25 211 783 189 794 742 218 834 190 8.11 749 217 8.35
3 1 141 866 7.38 1.76 8.89 1.56 845 746 1.88 890 152 840 672 180 840 143 7.02 640 1.70 7.96
3 2 142 1008 721 175 1085 130 9.10 6.73 1.66 956 148 840 7.10 178 970 1.66 942 765 1.96 9.42
3 3 143 931 745 176 931 1.51 896 748 1.88 947 122 754 654 153 829 144 9.01 7.68 1.84 9.35
3 4 184 1029 813 214 1065 1.78 937 799 207 1001 170 737 667 194 759 194 1066 851 226 11.65
3 5 2.06 740 7.05 228 7.59 2.06 729 698 227 759 208 711 698 230 731 2.08 737 718 230 7.59
3 6 219 7.81 747 241 8.05 2.16 7.78 732 239 778 219 750 725 241 7.83 215 7.99 7.40 238 7.99
3 7 175 841 834 212 8.86 1.97 997 966 253 1004 172 840 7.83 2.07 874 2.06 984 9.67 255 10.00
3 8 0.82 568 441 1.03 5.68 0.77 414 381 0.96 414 085 5.15 416 1.05 515 077 459 405 0.98 4.74
3 9 077 455 4.01 097 4.55 0.79 434 402 1.00 458 083 431 397 1.03 440 083 563 475 130 5.88
3 10 183 929 838 220 9.67 1.62 829 706 192 885 182 879 778 216 919 195 931 7.88 225 10.24
3 11 174 7.14 6,51 2.00 714  1.72 763 6.67 199 765 173 742 669 200 755 170 711 654 198 7.37
3 12 2.00 826 7.68 228 8.63 1.84 7.83 725 211 786 189 785 742 218 823 190 810 750 218 8.37

obtained by calculating the weighted arithmetic mean accord-
ing to Eq. (17). The first index, WA;, weights the +/Ams/A; ratio
using the explanation percentage of the eigenvalues extracted
from total variation matrix (i[). The second index, WA;;s, weights
the y/Ams/A¢ ratio through the explanation percentage of the

eigenvalues extracted from measurement system matrix ()A:ms).
On the other hand, the WG; and WGy, indexes are calculated
using weighted geometric mean in Eq. (18). The first index, WG,
weights the \/Ams/A¢ ratio using the explanation percentage of

the eigenvalues extracted from total variation matrix ()ft). The
second index, WGy, weights the |/Ams/A; ratio through the
explanation percentage of the eigenvalues extracted from mea-
surement system matrix ()fms). The acceptance criteria of the
multivariate measurement system are the same as described in
Section 2.

4. Experimental setup

When structural integrity is not the most important require-
ment of a product (e.g., appliances, components to pumps, plugs,
and connections), manufacturers have used mild steels. In produc-
ing such goods, the manufacturing process includes such features
as satisfactory ductility, strength, and thermal treatment behavior
as well as good machining conditions and excellent chip forma-
tion [33]. Researchers have recently given attention to the effect of
noise factors in surface finishing for turning processes [34]. The
quality of the surface finishing of a work piece can be assessed
through roughness parameters such as: Ry (arithmetic average),
Ry (maximum), R; (ten point height), R; (root mean square), and

R: (maximum peak to valley). For this empirical study, the tur-
ning process with five critical-to-quality characteristics consists
of a multivariate GR&R study. The study investigates whether the
variation of the roughness checker and the measurement proce-
dure is significantly smaller than the process variation provided
by the noise conditions (slenderness of the part, measuring posi-
tion, and tool wear). The slenderness (S) relates the diameter (D) to
the length (L) of the part, according to the relation S=L/D. The parts
were classified as slender and non-slender, for the same part length,
with D=30mm and D =50 mm, respectively. The study adopted the
following regions of measurement: close to the main spindle, the
center, and close to the barrel. The tool wear noise considered a
new tool and a worn tool, which was measured on the edge of
approximately 0.3 mm [7].

The experiments were set up as follows. The work pieces, AISI
12114 (0.09% C, 0.03% Si, 1.24% Mn, 0.046% P, 0.273% S, 0.15% Cr,
0.08%Ni, 0.26% Cu, 0.001% Al,0.02% Mo, 0.28% Pb, 0.0079% N2), were
machined on a NARDINI CNC lathe (see Fig. 2(a)) with 7.5 cv power
and maximum rotation of 4000 rpm. The machining parameters
used in this study were a cutting speed of 345 mmin~!, a feed rate
of 0.086 mmrev~!, and a depth of cut of 0.680 mm. Carbide inserts
were used of ISO P35 class, coated with three toppings [Ti(C,N),
Al,03, TiN], (GC Sandvik 4035) geometry ISO SNMG 09 03 04 -
PM, and tool holder ISO DSBNL 1616H 09. Using the experimental
design and considering the aforementioned noise conditions, the
GR&R study adopted p=12 parts, o=3 operators and r=4 repli-
cates. Table 1 presents the 720 measurements from the GR&R
study (experiments were conducted randomly). Fig. 2(b) shows the
equipment evaluated in this study—a portable roughness checker
set to a cut-off length of 0.25 mm.
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Fig. 2. (a) Mild steel machined on a NARDINI CNC lathe with conventional roller bearings and (b) Mitutoyo portable roughness checker model Surftest S]-201P.

Table 2

Measurement system classification through the univariate method.
Source Ry Ry R, Ry R;
op 0.444 1.564 1.383 0.456 1.696
Oms 0.082 0.646 0.428 0.111 0.643
o 0.452 1.693 1.448 0.470 1.813
ZRER 18.22 38.18 29.52 23.66 35.47

5. Result analysis

Initially, the roughness measurements in Table 1 were ana-
lyzed using a univariate approach according to the ANOVA model
in Eq. (2). Variation components for process, measurement sys-
tem, and total were computed and stored as standard deviations in
Table 2. Ry and R; classified the measurement system as unaccept-
able, whilst Rq, R; and Rq as marginal. Assessing the entire data setin
Table 1, the correlation structure among the roughness parameters
was deemed significant, multivariate analysis should be performed
so (see Table 3).

The data set in Table 1 was standardized using (Y; — ¥)/oy Vi =
1, ..., ntominimize the effect of having variables in different scales
for the multivariate analysis. This pretreatment determines that all
roughness parameters are considered equally important [35]. The
interaction effect was not significant for 0.05 of significance level;
consequently, a two-way MANOVA model without interaction was
adjusted to the multivariate data set, according to Eq. (12). First,
mean square matrices were calculated using Egs. (3), (4) and (13).
These results observed in Eqs.(19)-(21) were then applied to obtain
variance-covariance matrices for process (X,), measurement sys-
tem (X;s) and total variation (X;) using the Egs. (10), (11) and (14).

Compositions of the mean square and variance-covariance matrices
follow the same structure of the correlation matrix in Table 3:

Table 3
Roughness parameters’ correlations.
Ra Ry R, Rq Ry
R41.000
R)0.621°% 1.000
0.000° -
R0.819 0.906 1.000
0.000 0.000 -
R0.985 0.701 0.891 1.000
0.000 0.000 0.000 -
R:0.601 0.989 0.892 0.681 1.000
0.000 0.000 0.000 0.000 -

a Pearson correlation
b p-value.

12.557 8.139 10.401 12.397 7.756
8.139 11.803 11.239 9.106 11.596
MSP = | 10.401 11.239 12.500 11.165 10.953 (19)
12.397 9.106 11.165 12.500 8.731
7.756 11.596 10.953 8.731 11.517
0.002 -0.004 0.003 0.002 0.006
-0.004 0.011 -0.004 -0.004 -0.014
MSO=| 0.003 -0.004 0.003 0.003 0.006 (20)
0.002 -0.004 0.003 0.002 0.006
0.006 -0.014 0.006 0.006 0.018
0.037 0.028 0.043 0.039 0.029
0.028 0.101 0.061 0.037 0.105
MSE= | 0.043 0.061 0.081 0.051 0.072 (21)
0.039 0.037 0.051 0.042 0.040
0.029 0.105 0.072 0.040 0.125

Eigenvalues extracted from X, X5, and X, matrices, in Table 4,
are required to estimate the multivariate evaluation index for
assessing this measurement system. Using Eq. (16) and eigenvalues
in Table 4, G=44.64% classified the measurement system as unac-
ceptable. Nevertheless, when compared to the univariate %R&R
indexes, G=44.64% seems to misestimate the multivariate index
for assessing the measurement system. Therefore, four multivariate
indexes were proposed in addition to the G index. A simple geo-
metric mean does not determine greater importance to the most
significant pair of eigenvalues, extracted from variance-covariance
matrices. Thus, WA;, WAps, WGt and WGs were calculated using
weighted approaches upon /Ams/A¢ ratio. According to Eqgs. (17)
and (18), the new multivariate indexes are shown in Egs. (22)-(25):

WAt = 29.8 x 0.845 + 23.7 x 0.137 +39.9 x 0.015 + 88.8

x 0.002 +70.7 x 0.001 = 29.30% (22)
WAms = 29.8 x 0.860 + 23.7 x 0.088 +39.9 x 0.027 + 88.8
x 0.019+70.7 x 0.006 = 30.92% (23)

WG, = 29.80-84> 2370137 , 39 90.015  gg 80002 , 70 70.001

=29.12% (24)
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Table 4
Eigenvalues and W; of the variance-covariance matrices )ip, )fms and fJ[.
Eigenvalues
Sources of variation A (WqP) A2 (Wa) Az (Ws3) Ag (Wy) As (Ws)
1.043* 0.676 0.863 1.030 0.644
0.676 0.975 0.932 0.756  0.958
Process 5.7,, = 0.863 0.932 1.035 0.926  0.907 4.195 (85.0) 0.673(13.6) 0.063(1.3) 0.002 (0.0) 0.000 (0.0)
1.030 0.756 0.926 1.038 0.724
0.644 0.958 0.907 0.724 0.949
0.037 0.027 0.042 0.038 0.028
0.027 0.099 0.059 0.036 0.103
Measurement system s = 0.042 0.059 0.079 0.050 0.070 0.406 (86.0) 0.042 (8.8) 0.013(2.7) 0.009 (1.9) 0.003 (0.6)
0.038 0.036 0.050 0.041 0.039
0.028 0.103 0.070 0.039 0.123
1.080 0.703 0.905 1.068 0.672
0.703 1.074 0.991 0.792 1.061
Total variation 3= 0.905 0.991 1.114 0.977 0.977 4.567 (84.5) 0.743 (13.7) 0.079 (1.5) 0.011(0.2) 0.006 (0.1)
1.068 0.792 0.977 1.080 0.764
0.672 1.061 0.977 0.764 1.072

2 Standardized data.
bW, = (A,-/Z]f’zlxj) x100% i=1,2,....q.

WGps = 29.80:860 , 23 70088 , 39 g0.027 , gg 80.019 , 70 70.006
= 30.23% (25)

To compare G index to multivariate indexes proposed in this
paper, the 95% confidence interval was computed using Eq. (26)
[7]:

CA=Y+ty 140 (26)

S
VN

In this expression, Y is the mean of ¥R&R between Yy, Y3, Y3,
andYy; s is the standard deviation; N is the sample size and ty_1 4 is
the (1 -«)100th percentile of a t distribution with (N— 1) degrees
of freedom.

When compared to the 95% confidence interval [18.797;39.23]
obtained by univariate indexes, G index seems to misestimate the
multivariate evaluation index. Additional indexes proposed in this
article seem to obtain more coherent results in assessing multi-
variate GR&R studies, since all indexes were calculated inside the
95% confidence interval. Due to these findings, additional numeri-
cal examples taken from the literature were considered to examine
more scenarios involving measurement systems and correlation
structures among Ys.

6. Additional numerical examples
6.1. Automotive body stamped-panel measurement system

Majeske [3] presented an industrial application in which an
automobile manufacturer constructed a hard gauge to measure
four Ys on a sheet-metal body panel. His study consisted of a
GR&R study with p=5 parts, 0=2 operators, and r=3 replicates.
The critical-to-quality characteristics “M” in his paper were called
here Y. Adjusting the data to an ANOVA model, the R&R indexes for
the measurement system were: %R&Ry; = 22.20%, 5RERy, = 15.66%,
%RERy3 =15.09% and %RERy, =9.26%. Now, considering the corre-
lation structure among the Ys, a single index that represented the
multivariate measurement system was calculated. The result was
G=12.28%. The same criterion in Eq. (26) was applied to assess the
indexes’ adequacy. The results for G, WA;, WAms, WG and WGy
were estimated for both turning process (Section 5) and automotive
body stamped-panel (Section 6.1) and are presented in Fig. 3.

As can be seen from Fig. 3, no significant differences were found
among the multivariate indexes for the automobile manufacturer
data. All indexes were calculated inside the confidence interval
[7.13%; 23.97%]. However, turning back to the experimental evi-
dence in the turning process, a motivation lingered to investigate
why G index was estimated far from the confidence interval.

6.2. Asimulation study

A recent work by Peruchi et al. [7] provided a simulation
study for a multivariate GR&R study using the same setup as that
used in Majeske [3]. In their article, 15 scenarios were simulated
considering both several correlation structures for Ys and differ-
ent types of measurement systems. Three types of measurement
systems were considered: acceptable (AC: %R&R < 10%), marginal
(MA: 10%<%R&R<30%), and unacceptable (UN: %R&R >30%). The
correlation structure were classified as: very low (VL: W; <65%),
low (L: 65%<W; <75%), medium (M: 75%< Wy <85%), high (H:
85%<W; <95%), and very high (VH: W; >95%). W; is the result
obtained from Ar, / Z;;AT}.. The criterion to assess indexes’ ade-
quacy was the same as in Eq. (26). Table 5 shows their results
and the estimates of the four weighted approaches are also added.
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Automobile Turning Process

Fig. 3. Multivariate evaluation indexes for automobile manufacturer and turning
process applications.
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Table 5
Results for calculations of univariate index, 95% confidence interval and multivariate indexes.
Scenario Univariate (%R&R) Mean CI Multivariate
S MS Corr. Y, Y> Y3 Y4 Y LCL ucL G WA, WG, WA s WG
S1 VL 49.9 393 383 34.1 40.42 29.69 51.14 10.78 31.62 18.28 48.84 48.51
S2 L 42.2 55.5 443 39.8 45.44 3442 56.47 13.30 36.50 30.28 45.42 44,94
S3 UN M 40.8 524 42.6 36.9 43.18 32.63 53.72 11.32 38.27 31.45 45.76 45.51
S4 H 45.3 33.2 41.2 47.8 41.86 31.70 52.03 28.15 42.95 42.20 44.33 44.14
S5 VH 31.1 34.9 37.8 41.1 36.21 29.45 42.97 64.09 35.81 35.79 36.05 35.94
S6 VL 15.8 14.1 13.7 10.2 13.48 9.75 17.21 497 9.62 6.48 15.67 15.38
S7 L 18.6 27.2 213 241 22.82 16.95 28.69 10.04 19.86 14.68 27.15 26.87
S8 MA M 15.5 23.7 17.0 14.6 17.69 11.16 24.21 5.40 15.38 13.24 18.02 17.90
S9 H 13.2 10.3 13.6 16.9 13.50 9.19 17.80 1431 14.37 14.35 14.44 14.43
S10 VH 15.2 19.0 19.7 20.9 18.70 14.80 22.59 47.23 16.95 16.94 17.33 17.12
S11 VL 8.4 6.3 49 53 6.22 3.67 8.77 4.08 5.00 4.41 6.75 6.49
S12 L 5.6 4.6 6.7 54 5.54 4.15 6.92 2.01 4.70 3.53 6.18 6.13
S13 AC M 6.2 9.6 6.6 5.9 7.07 4.37 9.76 2.28 6.07 5.32 7.05 7.00
S14 H 5.7 4.5 59 7.3 5.84 4.00 7.69 7.22 6.58 6.56 6.65 6.63
S15 VH 6.5 7.6 8.6 9.2 7.95 6.07 9.83 39.35 7.78 7.78 8.18 7.89
70 r : 70
—aC1
* * G
60 O WAT 60
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Fig. 4. Multivariate evaluation indexes estimated for 15 distinct scenarios.

Moreover, Fig. 4 graphically presents how accurate the multivariate
indexes were estimated compared to the 95% confidence interval.
In the same manner as Peruchi et al. [ 7], this study will lead the anal-
ysis and comparison in two ways: intra- and inter-indexes. From a
general perspective, the intra-index analysis will show an overview
of the indexes’ performance; the inter-index analysis, in contrast,
will present a more detailed assessment addressing the indexes’
deviations from the confidence intervals.

The intra-index analysis verified that the WAp,s and WGy
indexes were more accurate than G, WA;, and WG;. Only in scenar-
ios S9, S11, and S14 was G index estimated within the confidence
interval. WA; and WG; indexes failed in one and six scenarios,
respectively. As can be seen in Fig. 4, WA,s and WGy,;s indexes
were estimated within the confidence interval in all 15 scenarios
evaluated.

For the inter-index analysis, G index was verified to be calculated
within the confidence interval in only S9, S11, and S14 scenarios.
This index was obtained using geometric mean of the /Ams/At
ratio according to the amount of quality characteristics. Geometric
mean provides the same degree of importance in the analysis of
each pair of eigenvalues. As Peruchi et al. [7] have already proved
that G index may not represent well the performance of the mea-
surement system if the individual ratio \/Ams/A¢ for each pair of

eigenvalues, extracted from flms and Z, provide different inter-
pretations. It is essential to emphasize that the first eigenvalues
have a greater percentage of explaining the measured phenomenon
than do the last. Therefore, weighted approaches in multivariate

analysis of variance for GR&R studies were proposed to improve G
index estimation.

In the inter-index analysis by WA; and WG, the weighted
approach through the explanation percentage of the eigenvalues
extracted from fit W= (A / Z}Ll)\tj) was unsatisfactory. These
indexes (mainly WG;) failed in scenarios with correlations deemed
lower due to higher weights assigned to less significant +/Ams/A¢
ratios.

In the inter-index analysis by WAn,s and WGy, the expla-
nation percentage of the eigenvalues extracted from S
Wi = (Ams; /Z;’ﬂkmsj) proved to be the most effective weighted
approach for assessing a multivariate measurement system. In
most scenarios, the first pair of eigenvalues to calculate +/Ams/A¢
ratio received a greater degree of importance, including scenar-
ios with a lower correlation structure. Conceptually, the weighted
approach using the explanation percentages of the eigenvalues
extracted from the measurement system matrix make more sense
than from the total variation matrix, in estimating the evaluation
index for GR&R studies.

7. Conclusions

This article has investigated the multivariate analysis of vari-
ance as applied to GR&R studies. In assessing measurement systems
with multiple correlated characteristics, the MANOVA method has
demonstrated some drawbacks when estimating the multivariate
evaluation index. The main contribution of this research has been to
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propose new multivariate indexes based on weighted approaches
to overcome such drawbacks. The empirical findings suggest that
G index may misclassify the multivariate measurement system
due to its significant shift from the univariate estimates. In this
case, G=44.64% was estimated outside the confidence interval
[18.78%; 39.23%]. Analyzing the first literature data set, no signifi-
cant differences were found between G indexes and the weighted
indexes proposed in this study. All indexes were calculated inside
the confidence interval [7.13%; 23.97%]. However, the second lit-
erature data set presented strong evidence of G index limitations
and WA;s and WGp;s as being the best weighted indexes. Taking
into account the empirical and literature findings, WAms and WG
better estimated the multivariate evaluation index than did G, WA;
and WG;. This is because the first pair of eigenvalues to calculate
v/ Ams/A¢ ratio received a greater degree of importance, includ-
ing scenarios with lower correlations. Accordingly, the weighted
approach using the variation in regard to the measurement sys-
tem matrix was shown to be the best manner to estimate the
evaluation index in multivariate GR&R studies with the MANOVA
method.

Further research might explore the effectiveness of using
weighted approaches to estimate other evaluation indexes (ndc and
P|T, for example) in multivariate GR&R studies. In this work, only
the MANOVA method was applied to assess measurement systems.
A further study could also compare multivariate evaluation indexes
obtained using MANOVA and PCA methods.
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