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a  b  s  t  r  a  c  t

Robust  parameter  design  (RPD)  has  recently  been  applied  in  modern  industries  in a  large  deal  of  processes.
This technique  is  occasionally  employed  as  a multiobjective  optimization  approach  using  weighted  sums
as a  trade-off  strategy;  in  such  cases,  however,  a considerable  number  of gaps  have  arisen.  In this  paper,
the  use  of normal  boundary  intersection  (NBI)  method  coupled  with mean-squared  error  (MSE)  functions
is  proposed.  This  approach  is  capable  of generating  equispaced  Pareto  frontiers  for  a  bi-objective  robust
design  model,  independent  of the  relative  scales  of  the  objective  functions.  To  verify  the  adequacy  of  this
proposal,  a central  composite  design  (CCD)  is  developed  with  combined  arrays  for  the  AISI 1045  steel
end  milling  process.  In  this  case  study,  a CCD  with  three  noise  factors  and  four  control  factors  are  used
ormal boundary intersection (NBI)
nd milling process
urface roughness

to create  the  mean  and  variance  equations  for MSE  of  two  quality  characteristics.  The  numerical  results
indicate  the NBI-MSE  approach  is  capable  of  generating  a  convex  and equispaced  Pareto  frontier  to  MSE
functions  of  surface  roughness,  thus  nullifying  the  drawbacks  of  weighted  sums.  Moreover,  the  results
show  that  the  achieved  optimum  lessens  the  sensitivity  of  the  end milling  process  to  the  variability
transmitted by  the noise  factors.

©  2014  Elsevier  Inc.  All  rights  reserved.
. Introduction

To make a process less sensitive to the action of noise vari-
bles, researchers have developed a design of experiments (DOE)
pproach that promotes the best levels of control factors. The
pproach, known as robust parameter design (RPD), improves the
ariability control and minimizes the bias. The ways of utilizing
PD can vary. For example, in their estimating of cutting condi-
ions of surface roughness in end milling machining processes [1],
sed kernel-based regression and genetic algorithms (GA). Employ-

ng a hybrid Taguchi-genetic learning algorithm [2], relied on an
daptive network-based fuzzy inference system to predict surface

oughness in end milling processes. To minimize surface roughness
n end milling machining processes [3], studied an application of GA
o as to optimize cutting conditions.
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pbalestrassi@gmail.com (P.P. Balestrassi).
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141-6359/© 2014 Elsevier Inc. All rights reserved.
This work presents an RPD that will facilitate the adaptive con-
trol application in end milling processes as well as contribute
to computer-integrated manufacturing scenarios [4–7]. Origi-
nally developed following a crossed-array, the RPD methodology
remains controversial due primarily to its various mathematical
flaws and statistical inconsistencies, such as the crossed-array’s
inability to assess the interaction between control and noise
variables [4,7,8]. To resolve such issues [9,10], proposed using
response surface methodology (RSM) with combined arrays. This
experimental strategy allows the computation of noise-control
interactions using a central composite design (CCD) with embed-
ded noise factors, generating the mean and variance equation as
from the propagation of error principle.

The general scheme of an RPD-RSM problem consists of per-
forming an experimental design while considering the noise factors
to be control variables and eliminating from the design any axial
points related to the noise factors [11]. Then a polynomial surface
for f(x, z) is estimated using the OLS or WLS  algorithm, obtaining

f(x, z) partial derivatives. This procedure leads to a response surface
for the mean ŷ(x) and another for the variance �̂2(x), considering
the noise-control factors interactions. This approach is called dual
response surface (DRS).
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Fig. 1. Graphical de

Applied widely by modern industries, RPD approaches for
ultiresponse optimization problems have been only sparsely

eveloped [7,12,13]. Even in those works involving multiresponse
pproaches, researchers appear to have generally neglected the
oise-control interactions, computing the mean and variance equa-
ions from crossed arrays or design replicates [4,13–19].

In the DRS method, the mean ŷ(x) and variance �̂2(x) may  be
ptimized simultaneously considering different schemes [9,12,20],
or example, established an optimization scheme considering

in
x∈˝

�̂2(x), subject to the constraint of ŷ(x) = T , where T is the target

or ŷ(x), and that, using a Lagrangean multiplier approach, evalu-
tes only one quality characteristic. [21] presented a bias-specified
obust design method formulating a nonlinear optimization
rogram that minimizes process variability subject to customer-
pecified constraints on the process bias, such as |ŷ(x) − T | ≤ �. The
ean, variance, and target can also be combined in a mean-squared

rror (MSE) function which must be minimized and subjected to a
et of constraints, as, for example, the experimental region. This
gure can be stated as Min

x∈˝
[ŷ(x) − T]2 + �2 [4,12–14,17,22–24].

Supposing that mean and variance may  assume differ-
nt degrees of importance, the MSE  objective function can
lso be weighted, as MSEw = w1 · (ŷ(x) − T)2 + w2ċ �̂2(x), where
he weights w1 and w2 are pre-specified positive constants
10,12,19,24]. Still, these weights can be experimented with
hrough different convex combinations, i.e., w1 + w2 = 1, with w1 > 0
nd w2 > 0, generating a set of non-inferior solutions for multiple
bjective optimization [19].

Extending the MSE  criterion to multiobjective problems, an
perator like a weighted sum may  be used [25,26] leading to
n objective function as MSET =

∑p
i=1[(ŷi − Ti)

2 + �̂2
i

]. If different
egrees of importance are attributed to each MSEi, the global objec-
ive function can be written as proposed by [27]

SET =
p∑

i=1

wi · MSEi =
p∑

i=1

wi · [(ŷi − Ti)
2 + �̂2

i ] (1)

A common concern with multiobjective MSE optimization
s related to the convexity of Pareto frontiers generated using

eighted sums. According to [4], in most RPD applications, a
econd-order polynomial model is adequate to accommodate the
urvature of process mean and variance functions. Thus, mean-

quared robust design models would contain fourth-order terms.
onsequently, the associated Pareto frontier might be non-convex
nd non-supported efficient solutions could be generated. It is
mportant to state that a decision vector x* ∈ S is Pareto optimal if
(x) f1(x2*)

ion of NBI method.

there does not exist another x ∈ S such that fi(x) ≤ fi(x*) for all i = 1,
2, . . .,  k. According to [4], for the bi-objective case, the weighted
sum can be written as a convex combination of two MSE functions,
such as:

Min MSET = wMSE1 + (1 − w)MSE2 S.t. : x ∈  ̋ (2)

The weighted sum method, as described in Eq. (2), is widely
employed to generate the trade-off solutions for nonlinear multi-
objective optimization problems. According to [4], the bi-objective
problem of Eq. (2) is convex if the feasible set X is convex and the
MSE  functions are also convex. When at least one objective function
is not convex, the bi-objective problem becomes non-convex, gen-
erating a non-convex and even unconnected Pareto frontier. The
principal consequence of a non-convex Pareto frontier is that points
on the concave parts of the trade-off surface will not be estimated.
This instability is due to the fact that the weighted sum is not a
Lipshitzian function of the weight w [28]. Another drawback to the
weighted sums is related to the uniform spread of Pareto-optimal
solutions. Even if a uniform spread of weight vectors are used, the
Pareto frontier will not be equispaced or evenly distributed [28,29].

To overcome these disadvantages [30], proposed the normal
boundary intersection method (NBI), showing that the Pareto sur-
face will be evenly distributed independent of the relative scales of
the objective functions. So, following the aforementioned discus-
sion, this article will present a two-folded approach to coupling the
NBI method with MSE  objective functions.

This paper is organized as follows: Section 2 presents the
main characteristics of normal boundary intersection method,
discussing the concepts of utopia line, payoff matrix and anchor-
age points. Section 3 presents the NBI-MSE method; Section 4
presents a numerical application to illustrate the adequacy of the
work’s proposal; and also the confirmation runs that were carried
out, demonstrating the mathematical results can be confirmed in
practice. Section 5 presents the results and discussion.

2. Normal boundary intersection (NBI)

The NBI method shown in Fig. 1 is an optimization routine devel-
oped to find a uniformly spread Pareto-optimal solutions for a
general non-linear multiobjective problem [29,30].

The first step in the NBI method establishes the payoff matrix ˚,

based on the calculation of the individual minima of each objective
function. The solution that minimizes the i-th objective function
fi(x) can be represented as f ∗

i
(x∗

i
). When the individual optima x∗

i
is

replaced in the remaining objective functions, fi(x∗
i
) is obtained. In
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atrix notation, the payoff matrix  ̊ can be written as:

 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

f ∗
1 (x∗

1) · · · f1(x∗
i
) · · · f1(x∗

m)

...
. . .

...

fi(x∗
1) · · · f ∗

i
(x∗

i
) · · · f ∗

i
(x∗

m)

...
. . .

...

fm(x∗
1) · · · fm(x∗

i
) · · · f ∗

m(x∗
m)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⇒ ¯̊

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

f̄1 · · · f̄1 · · · f̄1(x∗
m)

...
. . .

...

f̄i · · · f̄i · · · f̄i(x∗
m)

...
. . .

...

f̄m(x∗
1) · · · f̄m(x∗

i
) · · · f̄m(x∗

m)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(3)

Each row of payoff matrix  ̊ is composed of minimum and
aximum values of the i-th objective function fi(x). These values

an be used to normalize the objective functions, mainly when
hey will be written in terms of different scales or units. Like-
ise, writing a vector with the set of individual minimum f U =

f ∗
1 (x∗

1). . .,  f ∗
i

(x∗
i
). . .,  f ∗

m(x∗
m)]T , it is obtained the Utopia point. Analo-

ously, by joining the maximum values of each objective function
N = [f N

1 . . .,  f N
i

. . .,  f N
m ]

T
, a set called the Nadir point is obtained.

he normalization of the objective functions can be obtained using
hese two sets, such as:

¯(x) = fi(x) − f U
i

f N
i

− f U
i

, i = 1, . . .,  m (4)

his normalization leads to the normalized payoff matrix ¯̊ .
According to [28], the convex combinations of each row of pay-

ff matrix forms the convex hull of individual minima (CHIM). An
ven displacement of any point M along the Utopia line leads away
rom a good distribution of the Pareto points. The anchor point cor-
esponds to the solution of the single-optimization problem f x

i
(x∗

i
)

31,32]. The two anchor points are connected by “Utopia line”. This
ine is equally divided in proportional segments like a, b and e in
ig. 1. Then, considering a convex weighting w,  such as ˚wi, a point
n the CHIM is represented. Let n̂ denote the normal unit direction
a column vector of ones) to the CHIM at the point ˚wi toward the
rigin; then ˚w + Dn̂, with D ∈ R, represents the set of points on
hat normal vector [29,32]. The iteratively maximization of D leads
o equispaced points on the Pareto Frontier (Fig. 1).

The point of intersection of the normal and the boundary of fea-
ible region closest to the origin corresponds to the maximization
f the distance between the Utopia line and the Pareto frontier. The
ptimization problem can then be written as:

Max
(x,t)

D

subject to : ¯̊ w + Dn̂ = F̄(x)
x∈˝

(5)
This optimization problem can be iteratively solved for differ-
nt values of w, creating an evenly distributed Pareto frontier. A
ommon choice for w is suggested by [32] as wn = 1 − ∑

i=1wi.
ering 38 (2014) 628–638

The conceptual parameter D can be algebraically eliminated
from Eq. (5). For bi-dimensional problems, for example, this expres-
sion can be simplified as:

Min f̄1(x)

s.t. : f̄1(x) − f̄2(x) + 2w − 1 = 0

gj(x) ≥ 0

0 ≤ w ≤ 1

(6)

3. NBI approach to multiresponse robust parameter
optimization for combined arrays

According to [11], Taguchi proposed that for robust optimiza-
tion it could be reasonable to summarize the data from a crossed
array experiment with the mean of each observation in the inner
array across all runs in the outer array. This was defined as the
signal-to-noise ratio. However, Montgomery emphasized that one
cannot estimate interactions between control and noise parame-
ters, since sample means and variances are computed over the same
levels of the noise variables in a crossed array structure. Interac-
tions among controllable and noise factors are, therefore, the key
to solving robust design problems. The general response surface
model involving control and noise variables, organized in a com-
bined array, may  be written as:

y(x, z) = ˇ0 +
k∑

i=1

ˇixi +
k∑

i=1

ˇiix
2
i +

∑
i<j

∑
ˇijxixj +

k∑
i=1

�izi

+
k∑

i=1

r∑
j=1

ıijxizj + � (7)

Assume independent noise variables with zero mean and vari-
ances �2

z . Furthermore, consider that noise variables and the
random error are uncorrelated. With these assumptions, the mean
and variance models can be written as:

Ez[y(x, z)] = f (x) (8)

Vz[y(x, z)] = �2
zi

{
r∑

i=1

[
∂y(x, z)

∂zi

]2
}

+ �2 (9)

where k and r are the number of control and noise variables, respec-
tively. In Eq. (9), �2

zi
is generally assumed as 1 and �2 is within

variation obtained in ANOVA analysis of the full quadratic model
of ŷ(x, z).

In the context of robust parameter design, according to [5], rel-
atively significant bias in the mean and variance responses can
result from incorrect estimation method of their coefficients. In
this example, because there is only one noise factor, the search
area is small (2 × 2) and a full factorial design is used. Using incor-
rect estimation leads to slight differences between the IM and WLS
methods, but in the presence of more noise factors it is expected
more variation. Hence, one should be more cautious about the pres-

ence of noise factors when estimating coefficients of the response
function.

Let’s take fi(x) = MSEi(x) to develop an NBI approach to mul-
tiresponse robust parameter optimization. Taking f U

i
= MSEI

i
(x),



Engineering 38 (2014) 628–638 631

f
a

w

y

m
e
M
M
b
c
g
i
m
d

m
t
i
o
o
g
s
j
e

r

t
s
m
a
t

d
R

v

i

(
m

r

T.G. Brito et al. / Precision 

N
i

= MSEmax
i

(x) and adopting the scalarization described by Eq. (4),
 bidimensional NBI approach for MSE  functions can be written as:

Min f̄1(x) =
(

MSE1(x) − MSEI
1(x)

MSEmax
1 (x) − MSEI

1(x)

)

S.t. : g1(x) =
(

MSE1(x) − MSEI
1(x)

MSEmax
1 (x) − MSEI

1(x)

)
−

(
MSE2(x) − MSEI

2(x)

MSEmax
2 (x) − MSEI

2(x)

)
+ 2w − 1 = 0

g2(x) = xTx ≤ �2

0 ≤ w ≤ 1

(10)

ith : MSEi(x) = (ŷi(x) − Ti)
2 + �2

i (x) (11)

ˆ i(x) = Ez[y(x, z)] and �2
i (x) = �2

zi

{
r∑

i=1

[
∂y(x, z)

∂zi

]2
}

+ �2

In this formulation, MSEI
i
(x) corresponds to the individual opti-

ization of each MSEi(x) (utopia value), constrained only to the
xperimental region. The denominator in Eq. (10), MSEmax

i
(x) −

SEI
i
(x), stands for the normalization of multiple responses, doing

SEmax
i

(x) as the maximum value of payoff matrix (matrix formed
y all solutions observed in the individual optimizations). The set of
onstraints gj(x) ≥ 0 can represent any desired restriction, but it is
enerally used to designate the experimental region. It is clear that
n terms of design factors this proposal establishes the empirical

odels for the mean, variance, and covariance. This is commonly
one using crossed arrays.

Since the global multiobjective function is established, its opti-
um  can generally be reached by using several methods available

o solve nonlinear programming problems (NLP), such the general-
zed reduced gradient (GRG) [13,19,33–35]. GRG is considered one
f the most robust and efficient gradient algorithms for nonlinear
ptimization and it exhibits, as an attractive feature, an adequate
lobal convergence, mainly when initiated sufficiently close to the
olution [36]. Moreover, one can see that the transformed multiob-
ective function remains convex, so that a strict minimum should
xist. It was for this reason that the GRG was used in this study.

The NBI-MSE approach proposed in this section may  be summa-
ized in the proposed procedure’s following steps:

Step 1: Screening runs
Considering the cutting speed and feed rate recommended by

he tool manufacturer, several experiments were conducted as
creening runs. Three refrigeration conditions were tested using
inimum (150 ml/min) and maximum (20 l/min) quantity of fluid

s also a dry milling condition, adopting as end of tool life the flank
ool wear of VBmax = 0.2 mm.

Step 2: Experimental design
Establish an adequate combined array as an experimental

esign, including as much control and noise variables as desired.
un the experiments in random order and store the responses.

Step 3: Modeling of responses including control and noise
ariables

Establish equations for y(x, z) using experimental data for orig-
nal responses.

Step 4: Means and variances definition
Establish equations for mean and variance of y(x, z) using Eqs.

8) and (9). If the value of R2 adj. is not adequate, employ the WLS

ethod, using as weights the inverse of quadratic residuals.
Step 5: Constrained optimization of Yp

The NBI-MSE approach proposed in this section may  be summa-
ized in the proposed procedure’s following steps:
Fig. 2. (a) End milling process; (b) end milling tool; (c) surface roughness measure.

Establish the response targets (Ti) using the individual con-
strained minimization of each response surface, such as �Yp =
Min
x∈˝

[ŷi(x)].

Step 6: Payoff matrix calculation
Using the mean, variance, and targets, builds each MSE function.

Afterwards, run the individual optimization of each MSE  function
such as Min

x∈˝
[ŷi(x) − T]2 + �2, composing the MSE  Payoff matrix.

For a Bi-objective case, it is suggested:

 ̊ =
[

MSEI
1(x) MSEmax

1 (x)

MSEmax
2 (x) MSEI

2(x)

]
(12)

Step 7: Scalarization
With the values of the Payoff matrix, the scalarization of MSE

functions is promoted. For the bivariate case, it is obtained:

f̄ (x) = fi(x) − f I
i

f Max
i

− f I
i

⇒

⎧⎪⎪⎨
⎪⎪⎩

f̄1(x) = ¯MSE1(x) = MSE1(x) − MSEI
1

MSEMax
1 − MSEI

1

f̄2(x) = ¯MSE2(x) = MSE2(x) − MSEI
2

MSEMax
2 − MSEI

2

f̄ (x) = fi(x) − f U
i

f N
i

− f U
i

⇒

⎧⎪⎪⎨
⎪⎪⎩

f̄1(x) = ¯MSE1(x) = MSE1(x) − MSEI
1

MSEMax
1 − MSEI

1

f̄2(x) = ¯MSE2(x) = MSE2(x) − MSEI
2

MSEMax
2 − MSEI

2

(13)

Step 8: Run the multiobjective nonlinear optimization algo-
rithm

Choose a desired value for ω, generally using the range [0;1] iter-
atively. For each chosen weight, solve the system of Eq. (11) using
the generalized reduced gradient (GRG) algorithm, constrained
only to the experimental region.

The next section presents a numerical application of the pro-
posed approach using the end milling machining process of AISI
1045 steel. The numerical results serve to check the proposal’s
adequacy.

4. The NBI-RPD optimization of end milling process

4.1. Experimental setup
To achieve this paper’s objective, a set of 82 experiments were
carried out in a finishing end milling operation of AISI 1045
steel (Fig. 2a). The tool used was a positive end mill, code R390-
025A25-11M with a 25 mm  diameter, entering angle of 	r = 90◦,
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Fig. 3. (a) New tool; (b) worn tool (VBmax = 0.30 mm).

nd a medium step with three inserts. Three rectangular inserts
ere used (Fig. 2b) with edge lengths of 11 mm each, code R390-

1T308M-PM GC 1025 (Sandvik-Coromant). The tool material used
as cemented carbide ISO P10 coated with TiCN and TiN by the

VD process. The coating hardness was around 3000 HV3 and the
ubstrate hardness 1650 HV3 with a grain size smaller than 1 �m.

The workpiece material was AISI 1045 steel with a hardness of
pproximately 180 HB. The workpiece dimensions were rectangu-
ar blocks with square sections of 100 mm × 100 mm and lengths of
00 mm.  All the milling experiments were carried out in a FADAL
ertical machining center, model VMC  15, with maximum spindle
otation of 7500 RPM and 15 kW of power in the main motor. The
ool overhang was 60 mm.  The cutting fluid used in the experiments
as synthetic oil Quimatic MEII.

The levels for control and noise factors are described in
ables 1 and 2, respectively. The different noise conditions fur-
ished by a combination of factors and levels described in Table 2
xpress, in some sense, the possible variation that can occur dur-
ng the end milling operation, such as the tool flank wear (z1),
he variations on cutting fluid concentration (z2), and the varia-
ion of cutting fluid flow rate (z3). The surface roughness values
re expected to suffer some kind of variation due to the action
f the combined noise factors. Therefore, the main objective of
he robust parameter design is to determine the setup of control
arameters capable of achieving a reduced surface roughness with
inimal variance, mitigating the influence of noise factors on the

rocess performance. Measurements of the tool flank wear (VBmax)
z1) were captured with an optical microscope (magnification 45×)
ith images acquired by a coupled digital camera. The criteria

dopted as the end of tool life was a flank wear of approximately
Bmax = 0.30 mm as shown in Fig. 3(a and b).

The responses measured in the end milling process were Ra
the arithmetic average surface roughness) and Rt (the maximum
oughness height − distance from highest peak to lowest valley). In
his work, both surface roughness metrics were assessed using a

itutoyo portable roughness checker, model Surftest SJ 201, with
 cut-off length of 0.25 mm (Fig. 4).

.2. Results and discussion of the proposed procedure

The NBI-MSE approach described in the previous section is here
iscussed. The results of all steps are presented.Step 1: Screening
uns

Preliminary screening runs revealed a behavior of tool flank
ear as function of three coolant conditions, considering a cutting

peed of vc = 325 m/ min, feed rate of fz = 0.10/tooth and depth of

ut ap = 1 mm,  respectively. Fig. 5 shows main effects of tool wear
ccording to different amounts of coolant. Observing the figure
t is possible to conclude that the minimum quantity of coolant
s the more experimental condition. With maximum amounts of
Fig. 4. Mitutoyo portable roughness checker, model Surftest SJ 201.

fluid, the tool wear increased when compared with dry and min-
imum quantity of coolant. The values of wear are associated to a
major heat shock occurred in the scheme of intermittent cut. For
dry conditions, however, the tool wear behavior is uniform, with
increasing values for wear along of the cutting time. To assess the
tool wear as function of coolant schemes, an analysis of covariance
(ANCOVA) were done using the cutting time to achieve the VBmax

as a covariate.
Step 2: Experimental design
As suggested by Montogmery [11], a combined array (using cen-

tral composite design) for k = 7 variables (x1, x2, x3, x4, z1, z2 and z3)
with 10 center points were created, also deleting the axial points
related to the noise variables. This procedure resulted in 82 exper-
iments, described in Tables 3 and 4. The two surface roughness
metrics were measured three times at each of three positions on
the workpiece, computed after determining the mean of the nine
measurements.

Step 3: Modeling of responses including control and noise
variables

Applying the WLS  method to estimate the coefficients of the
response surfaces for Ra and Rt provides the following:

Ra(x, z) = 0.689 + 0.898x1 + 0.041x2 − 0.066x3 − 0.004x4

+ 0.012z1 + 0.002z2 + 0.005z3 + 0.493x2
1 + 0.096x2

2

+ 0.010x2
3 + 0.064x2

4 + 0.074x1x2 − 0.087x1x3

+ 0.030x1x4 + 0.048x1z1 − 0.086x1z2 + 0.042x1z3 − 0.039x2x3

+ 0.018x2x4 + 0.013x2z1 − 0.073x2z2

− 0.012x2z3 + 0.043x3x4 + 0.020x3z1 − 0.034x3z2

+ − 0.041x3z3 − 0.052x4z1 − 0.013x4z2 − 0.025x4z3 (14)

Rt(x, z) = 4.719 + 3.170x1 + 0.251x2 − 0.261x3 + 0.046x4

+ 0.877z1 + 0.040z2 − 0.049z3 + 1.039x2
1 + 0.176x2

2 + 0.173x2
4

+ 0.498x1x2 − 0.225x1x3 + 0.233x1x4 + 0.310x1z1 − 0.291x2z2
1 3 2 3 2 4 2 1 2 2

− 0.127x2z3 + 0.181x3x4 + 0.128x3z1 − 0.109x3z2 + 0.042x3z3

+ 0.158x4z1 − 0.016x4z2 − 0.157x4z3 (15)
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Table  1
Control factors and respective levels.

Parameters Unit Symbol Levels

−2.828 −1.000 0.000 +1.000 +2.828

Feed rate mm/tooth fz 0.01 0.10 0.15 0.20 0.29
Axial  depth of cut mm ap 0.064 0.750 1.125 1.500 2.186
Cutting speed m/min Vc 254 300 325 350 396
Radial depth of cut mm ae 12.26 15.00 16.50 18.00 20.74

Table 2
Noise factors and respective levels.

Noise factors Unit Symbol Levels

−1.000 0.000 +1.000

Tool flank wear mm Z1 0.00 0.15 0.30
Cutting fluid concentration % Z2 5 10 15
Cutting fluid flow rate l/min Z3 0 10 20

tting

p
v

)2 + (0.0017 − 0.858x1 − 0.0732x2 − 0.0335x3 − 0.0134x4)2

︸ (17)

.039x2
1 + 0.176x2

2 + 0.173x2
4 + 0.498x1x2 − 0.225x1x3 + 0.233x1x4

(18)

)2 + (0.0403 − 0.2909x − 0.2102x − 0.1092x − 0.0164x )2

models developed using the combined array are written in terms of
only control variables, although the noise factors were used during
the experimentation. However, given that the variance equation
takes the noise influence into account, the adjustment of the
Fig. 5. Main effects plot for cu

Step 4: Means and variances definition
Employing the propagation of error principle and taking the

artial derivatives of Eqs. (14) and (15) the respective means and
ariances equations can be written as:

Ez[Ra(x, z)] = 0.689 + 0.898x1 + 0.041x2 − 0.066x3 − 0.004x4

+ 0.493x2
1 + 0.069x2

2 + 0.010x2
3 + 0.064x2

4

+ 0.074x1x2 + 0.087x1x3 + 0.030x1x4 − 0.039x2x3

+ 0.018x2x4 + 0.043x3x4 (16)

�2[Ra(x)] = (0.1023 + 0.0477x1 + 0.0128x2 + 0.0198x3 − 0.522x4

+ (0.0048 + 0.0423x1 − 0.0123x2 − 0.0410x3 − 0.0254x4)2 + 0.90︸︷︷
MSE

Ez[Rt(x, z)] = 4.719 + 3.170x1 + 0.251x2 − 0.261x3 + 0.046x4 + 1

− 0.020x2x3 + 0.164x2x4 + 0.181x3x4

�2[Rt(x)] = (0.8771 + 0.3105x − 0870x + 0.1284x − 0.1578x
1 2 3 4

+ (−0.0492 + 0.1879x1 − 0.1268x2 − 0.0419x3 − 0.1573x4)2 + 0.90︸︷︷︸
MSE(Rt)
 time versus lubrication type.

According to the discussion of Section 3, the mean and variance
1 2 3 4

(19)
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Table 3
Experimental design (Part I).

Run x1 x2 x3 x4 z1 z2 z3 Ra Rt

1 0.10 0.75 300.00 15.00 0.00 5.00 20.00 0.297 2.097
2  0.20 0.75 300.00 15.00 0.00 5.00 0.00 1.807 7.587
3  0.10 1.50 300.00 15.00 0.00 5.00 0.00 0.657 3.467
4  0.20 1.50 300.00 15.00 0.00 5.00 20.00 2.573 8.957
5  0.10 0.75 350.00 15.00 0.00 5.00 0.00 0.353 2.160
6  0.20 0.75 350.00 15.00 0.00 5.00 20.00 3.013 9.327
7  0.10 1.50 350.00 15.00 0.00 5.00 20.00 0.270 1.973
8  0.20 1.50 350.00 15.00 0.00 5.00 0.00 2.417 8.743
9  0.10 0.75 300.00 18.00 0.00 5.00 0.00 0.320 2.087

10  0.20 0.75 300.00 18.00 0.00 5.00 20.00 3.170 11.583
11  0.10 1.50 300.00 18.00 0.00 5.00 20.00 0.280 1.690
12  0.20 1.50 300.00 18.00 0.00 5.00 0.00 2.877 10.187
13  0.10 0.75 350.00 18.00 0.00 5.00 20.00 0.270 2.027
14  0.20 0.75 350.00 18.00 0.00 5.00 0.00 3.030 11.197
15 0.10 1.50 350.00 18.00 0.00 5.00 0.00 0.550 3.340
16  0.20 1.50 350.00 18.00 0.00 5.00 20.00 1.520 7.043
17  0.10 0.75 300.00 15.00 0.30 5.00 0.00 0.497 4.560
18  0.20 0.75 300.00 15.00 0.30 5.00 20.00 2.770 10.973
19  0.10 1.50 300.00 15.00 0.30 5.00 20.00 0.383 2.707
20  0.20 1.50 300.00 15.00 0.30 5.00 0.00 3.247 12.473
21  0.10 0.75 350.00 15.00 0.30 5.00 20.00 0.760 4.647
22  0.20 0.75 350.00 15.00 0.30 5.00 0.00 0.800 4.580
23  0.10 1.50 350.00 15.00 0.30 5.00 0.00 0.500 3.660
24  0.20 1.50 350.00 15.00 0.30 5.00 20.00 2.503 10.757
25  0.10 0.75 300.00 18.00 0.30 5.00 20.00 0.397 2.877
26  0.20 0.75 300.00 18.00 0.30 5.00 0.00 1.063 6.007
27  0.10 1.50 300.00 18.00 0.30 5.00 0.00 0.367 2.007
28  0.20 1.50 300.00 18.00 0.30 5.00 20.00 2.783 15.330
29  0.10 0.75 350.00 18.00 0.30 5.00 0.00 0.763 4.217
30  0.20 0.75 350.00 18.00 0.30 5.00 20.00 1.437 7.253
31  0.10 1.50 350.00 18.00 0.30 5.00 20.00 0.383 3.137
32  0.20 1.50 350.00 18.00 0.30 5.00 0.00 2.960 11.610
33  0.10 0.75 300.00 15.00 0.00 15.00 0.00 0.803 4.007
34  0.20 0.75 300.00 15.00 0.00 15.00 20.00 2.030 7.213
35  0.10 1.50 300.00 15.00 0.00 15.00 20.00 0.537 4.583
36  0.20 1.50 300.00 15.00 0.00 15.00 0.00 2.110 9.117
37  0.10 0.75 350.00 15.00 0.00 15.00 20.00 0.920 4.480
38  0.20 0.75 350.00 15.00 0.00 15.00 0.00 1.743 7.157
39  0.10 1.50 350.00 15.00 0.00 15.00 0.00 0.290 2.043

c
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o
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N

40  0.20 1.50 350.00 15.00 

41  0.10 0.75 300.00 18.00 

ontrol factors leads to the minimization of the process variability,
arranting the robustness of the end milling process.

Fig. 6 shows the response surfaces for Ra mean and Fig. 7 shows
he response surfaces for Ra variance. As can be noted, mean and
ariance surfaces present a minimum, which suggests that the opti-
ization algorithm can search and find a global optimum for the

ual mean–variance. For Rt the results are similar.
Step 5: Constrained optimization of Yp
Since the mean and variance equations of the two responses

f interest are estimated, the proposed optimization procedure
an be run. An individual optimization of Ez[Ra(x, z)] and Ez[Rt(x,
)] is conducted, obtaining as the respective optima the values
Ra = 0.231 �m and �Rt = 1.7954 �m.  These values will be consid-
red as the targets and will be used in order to compose each MSE(x)
unction.

Step 6: Payoff matrix calculation
After individual optimization, one can obtain the values of

SEmax
i

(x) and MSEI
i
(x) for both Ra and Rt.  For both cases, the utopia

oints lead to the Payoff matrix of Table 5.
Steps 7 and 8: Scalarization and multiobjective nonlinear

ptimization algorithm
The results of Table 6 are obtained by applying the NBI-MSE

ethod and doing successive optimizations iteratively. For the

ake of comparison, the same procedure was repeated, using the
eighted sum method. The results are described in Table 7.

Such data went into the building of the Pareto frontiers with
BI-MSE method (Fig. 8) and weighted sums (Fig. 9).
0.00 15.00 20.00 0.943 4.460
0.00 15.00 20.00 0.513 2.973

It is noteworthy that the NBI-MSE method outperforms
the weighted sums as an equispaced frontier, avoiding the
agglomeration of optimum points in a portion of extreme
curvature in the solution space. It can be observed that in
regions where the weighted sum method is incapable of find-
ing feasible solutions—creating a discontinuity—the NBI-MSE
method generates a good deal of equispaced points. This
can occur because the problem is non-convex bi-objective,
with at least one MSE  function non-convex. Note that the
weighted sums method fails to identify non-supported efficient
solutions between the two  anchorage points (individual opti-
mization), forming a cluster of non-dominated solutions for
0.91 ≤ MSE1 ≤ 0.92 and 1.24 ≤ MSE2 ≤ 1.45. The method mainly
fails in the transition from the individual optimization for
the first or last weight applied, respectively, w2 = 0.05 and
w25 = 0.95. Even though what is considered here is the con-
vex portion of the frontier obtained by weighted sums (Fig. 7),
the solutions, it may  be observed, are not evenly distributed
along the frontier. Note that in this case it was  used incre-
ments of approximately 5% in the composition of the fron-
tier.

According to [21], a bi-objective optimization problem is convex
if the feasible set X is convex and both objective functions are con-

vex. In this case, for the results of NBI-MSE method, the Pareto set
can be viewed as a convex curve in the space of � 2. Furthermore, the
constraint xTx − �2 ≤ 0 is convex since it represents a hypersphere
of radius �.
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Table  4
Experimental design (Part II).

Run x1 x2 x3 x4 z1 z2 z3 Ra Rt

42 0.20 0.75 300.00 18.00 0.00 15.00 0.00 2.087 7.550
43  0.10 1.50 300.00 18.00 0.00 15.00 0.00 0.430 2.823
44  0.20 1.50 300.00 18.00 0.00 15.00 20.00 2.557 10.570
45  0.10 0.75 350.00 18.00 0.00 15.00 0.00 0.350 2.457
46  0.20 0.75 350.00 18.00 0.00 15.00 20.00 1.700 6.507
47  0.10 1.50 350.00 18.00 0.00 15.00 20.00 0.617 3.057
48  0.20 1.50 350.00 18.00 0.00 15.00 0.00 1.747 8.273
49  0.10 0.75 300.00 15.00 0.30 15.00 20.00 0.823 4.690
50  0.20 0.75 300.00 15.00 0.30 15.00 0.00 3.007 11.787
51  0.10 1.50 300.00 15.00 0.30 15.00 0.00 0.643 5.230
52  0.20 1.50 300.00 15.00 0.30 15.00 20.00 2.937 9.870
53  0.10 0.75 350.00 15.00 0.30 15.00 0.00 0.803 4.997
54  0.20 0.75 350.00 15.00 0.30 15.00 20.00 2.220 9.797
55  0.10 1.50 350.00 15.00 0.30 15.00 20.00 0.463 2.793
56 0.20 1.50 350.00 15.00 0.30 15.00 0.00 2.203 9.823
57  0.10 0.75 300.00 18.00 0.30 15.00 0.00 0.820 5.343
58  0.20 0.75 300.00 18.00 0.30 15.00 20.00 2.547 10.663
59  0.10 1.50 300.00 18.00 0.30 15.00 20.00 0.377 2.560
60  0.20 1.50 300.00 18.00 0.30 15.00 0.00 2.193 8.853
61  0.10 0.75 350.00 18.00 0.30 15.00 20.00 0.637 4.050
62  0.20 0.75 350.00 18.00 0.30 15.00 0.00 2.247 9.590
63  0.10 1.50 350.00 18.00 0.30 15.00 0.00 0.483 3.400
64  0.20 1.50 350.00 18.00 0.30 15.00 20.00 2.887 11.327
65  0.01 1.13 325.00 16.50 0.15 10.00 10.00 0.100 0.820
66  0.29 1.13 325.00 16.50 0.15 10.00 10.00 2.440 10.760
67  0.15 0.06 325.00 16.50 0.15 10.00 10.00 0.350 1.910
68  0.15 2.19 325.00 16.50 0.15 10.00 10.00 1.573 6.817
69  0.15 1.13 254.29 16.50 0.15 10.00 10.00 0.650 5.257
70  0.15 1.13 395.71 16.50 0.15 10.00 10.00 0.440 3.413
71  0.15 1.13 325.00 12.26 0.15 10.00 10.00 0.390 3.383
72  0.15 1.13 325.00 20.74 0.15 10.00 10.00 1.183 6.230
73  0.15 1.13 325.00 16.50 0.15 10.00 10.00 0.343 2.990
74  0.15 1.13 325.00 16.50 0.15 10.00 10.00 0.540 3.283
75  0.15 1.13 325.00 16.50 0.15 10.00 10.00 0.680 4.083
76  0.15 1.13 325.00 16.50 0.15 10.00 10.00 0.520 3.247
77  0.15 1.13 325.00 16.50 0.15 10.00 10.00 0.540 4.090
78  0.15 1.13 325.00 16.50 0.15 10.00 10.00 0.323 2.993
79  0.15 1.13 325.00 16.50 0.15 10.00 10.00 0.527 4.990
80  0.15 1.13 325.00 16.50 0.15 10.00 10.00 0.607 3.453
81  0.15 1.13 325.00 16.50 0.15 10.00 10.00 0.697 4.970
82  0.15 1.13 325.00 16.50 0.15 10.00 10.00 0.430 2.863

Fig. 6. Response surfa

Table 5
Payoff matrices.

Payoff matrix for Ra and Rt Payoff matrix for MSE1 and MSE2
0.2301 0.4781 0.9079 0.9568
2.3675 1.7954 1.9679 1.2173
ces for Ra mean.

4.3. Confirmation runs

In robust design optimization, the idea is to find a setup of
controllable factors that are insensible to the actions of the uncon-

trollable ones. To test this claim with the process under study, a
L9 Taguchi design was used to assess the behavior of the optimum
setup in a range of scenarios formed by the noise factors. If the
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Fig. 7. Response surfaces for Ra variance.

Table 6
Optimization results with NBI-MSE method.

Weights x1 x2 x3 x4 Ra Rt Var Ra Var Rt MSE1 MSE2

0.00 −1.450 0.855 −0.347 1.022 0.446 1.977 0.910 1.184 0.957 1.217
0.05 −1.434  0.842 −0.408 1.033 0.435 1.979 0.910 1.184 0.952 1.218
0.10  −1.418 0.826 −0.472 1.041 0.424 1.981 0.910 1.184 0.947 1.219
0.15  −1.401 0.807 −0.538 1.047 0.411 1.984 0.909 1.186 0.942 1.221
0.20  −1.382 0.784 −0.609 1.051 0.398 1.987 0.909 1.187 0.938 1.224
0.25  −1.363 0.757 −0.684 1.050 0.385 1.991 0.909 1.190 0.933 1.229
0.30 −1.341 0.726 −0.764 1.045 0.370 1.997 0.909 1.195 0.929 1.235
0.35  −1.316 0.689 −0.852 1.033 0.353 2.007 0.909 1.200 0.924 1.245
0.40  −1.286 0.648 −0.949 1.013 0.335 2.022 0.909 1.207 0.920 1.258
0.45  −1.248 0.607 −1.054 0.981 0.317 2.050 0.909 1.215 0.917 1.279
0.50  −1.199 0.574 −1.159 0.943 0.301 2.099 0.909 1.220 0.914 1.312
0.55  −1.146 0.552 −1.224 0.909 0.290 2.168 0.909 1.221 0.912 1.359
0.60  −1.115 0.535 −1.106 0.834 0.287 2.235 0.908 1.222 0.911 1.415
0.65 −1.084  0.516 −1.006 0.778 0.285 2.297 0.907 1.225 0.910 1.476
0.70  −1.055 0.497 −0.920 0.733 0.283 2.354 0.907 1.229 0.909 1.540
0.75  −1.026 0.478 −0.847 0.698 0.282 2.407 0.906 1.233 0.909 1.607
0.80  −0.998 0.458 −0.784 0.669 0.281 2.458 0.906 1.238 0.908 1.677
0.85  −0.972 0.437 −0.731 0.646 0.280 2.505 0.906 1.244 0.908 1.748
0.90  −0.946 0.416 −0.684 0.626 0.280 2.550 0.906 1.250 0.908 1.820
0.95  −0.922 0.395 −0.643 0.609 0.280 2.594 0.905 1.256 0.908 1.893
1.00 −0.899  0.373 −0.607 0.594 0.281 2.635 0.905 1.263 0.908 1.968

Table 7
Optimization results with weighted sums.

Weights x1 x2 x3 x4 Ra Rt Var Ra Var Rt MSE1 MSE2

0.00 −1.450 0.855 −0.347 1.022 0.446 1.977 0.910 1.184 0.957 1.217
0.05  −1.445 0.851 −0.369 1.026 0.442 1.978 0.910 1.184 0.955 1.217
0.10  −1.438 0.846 −0.392 1.030 0.438 1.979 0.910 1.184 0.953 1.218
0.15  −1.432 0.840 −0.417 1.034 0.433 1.979 0.910 1.184 0.951 1.218
0.20  −1.425 0.833 −0.444 1.038 0.429 1.980 0.910 1.184 0.949 1.218
0.25  −1.418 0.826 −0.473 1.041 0.423 1.981 0.910 1.184 0.947 1.219
0.30 −1.410 0.817 −0.503 1.045 0.418 1.982 0.910 1.185 0.945 1.220
0.35  −1.401 0.808 −0.536 1.047 0.412 1.983 0.909 1.185 0.943 1.221
0.40  −1.393 0.797 −0.570 1.049 0.406 1.985 0.909 1.186 0.940 1.222
0.45  −1.383 0.785 −0.606 1.051 0.399 1.987 0.909 1.187 0.938 1.224
0.50  −1.373 0.771 −0.645 1.051 0.392 1.989 0.909 1.189 0.935 1.226
0.55  −1.362 0.756 −0.685 1.050 0.384 1.991 0.909 1.191 0.933 1.229
0.60  −1.351 0.740 −0.728 1.048 0.376 1.994 0.909 1.193 0.931 1.232
0.65  −1.338 0.722 −0.773 1.044 0.368 1.998 0.909 1.195 0.928 1.236
0.70  −1.325 0.702 −0.821 1.038 0.359 2.003 0.909 1.198 0.926 1.241
0.75  −1.309 0.680 −0.873 1.030 0.349 2.009 0.909 1.202 0.923 1.247
0.80  −1.292 0.656 −0.930 1.018 0.339 2.019 0.909 1.206 0.921 1.256
0.85  −1.270 0.630 −0.994 1.001 0.327 2.032 0.909 1.210 0.919 1.267
0.90  −1.242 0.601 −1.070 0.976 0.314 2.055 0.909 1.216 0.916 1.283
0.95  −1.193 0.571 −1.170 0.939 0.299 2.105 0.909 1.221 0.914 1.317
1.00  −0.899 0.373 −0.607 0.594 0.281 2.635 0.905 1.263 0.908 1.968
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Fig. 8. Pareto Frontier obtained with NBI-MSE method.
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Table 9
ANOVA for L9 Taguchi design with noise factors for Ra.

Term Coef. SE Coef. T P

Constant 0.4033 0.0104 38.835 0.001
z1 (0–15) 0.0222 0.0147 1.513 0.269
z1 (15–30) 0.0041 0.0147 0.277 0.808
z2 (5–10) −0.0052 0.0147 −0.353 0.758
z2 (10–15) 0.0026 0.0147 0.177 0.876
z3 (0–10) 0.0170 0.0147 1.160 0.366
z3 (10–20) −0.0044 0.0147 −0.303 0.791

Table 10
ANOVA for L9 Taguchi design with noise factors for Rt.

Term Coef. SE Coef. T P

Constant 2.3615 0.0605 39.004 0.001
z1 (0–15) −0.0798 0.0856 −0.932 0.450
z1 (15–30) −0.0293 0.0856 −0.342 0.765
z2 (5–10) −0.0598 0.0856 −0.699 0.557
MSE2*

Fig. 9. Pareto Frontier obtained with weighted sums.

etup is also robust, the noise factors will be statistically insignif-
cant when the L9 analysis is done. The confirmation runs were
egun by choosing one of the several points on the Pareto frontier.
uppose the optimal condition associated to the weight w = 0.2 is
hosen. At this level of priority, the optimum vector (in coded units)
s x∗T

w=0.20 = [ −1.382 0.784 −0.609 1.051 ]. Keeping this setup
onstant along the various scenarios designed in the L9 arrange-
ent produced the data of Table 8.
It can be seen that the mean values for Ra and Rt obtained

ith the confirmation runs are quite close to the predicted ones,
ith the same occurring for the MSE  values. It can also be seen,
bserving the results of ANOVA in Tables 9 and 10, that none of
he noise factors is significant (all P-values >0.05) which demon-
trates that the setup is really robust to the presence of noise. It

able 8
9 Taguchi design for confirmation runs of Ra and Rt obtained with w = 0.2.

z1 z2 z3 Ra (Real) Rt (Real)

0 5 0 0.451 2.378
0  10 10 0.403 2.312
0  15 20 0.422 2.155
15  5 10 0.404 2.275
15  10 20 0.411 2.133
15  15 0 0.407 2.588
30  5 20 0.339 2.252
30  10 0 0.403 2.312
30  15 10 0.389 2.848
Mean 0.4033 2.3615
Predicted value 0.3984 1.7954
Variance 0.0009 0.0510
MSE  0.9309 1.3614
Predicted MSE 0.9380 1.2240
z2 (10–15) −0.1093 0.0856 −1.276 0.330
z3 (0–10) 0.0646 0.0856 0.755 0.529
z3 (10–20) 0.1169 0.0856 1.365 0.306

can also be noted that this occurs for the two segments of each
analysis of the three-factor levels. This means that with x∗T

w=0.20 =
[ −1.382 0.784 −0.609 1.051 ], the responses Ra and Rt do not
change significantly in the presence of any combination of tool wear
(z1), lubricant flow rate (z2) or concentration of lubricant (z3).

5. Conclusion

A novel approach combining the normal boundary intersection
method and mean square error functions has been successfully
employed to solve the robust parameter optimization of the AISI
1045 steel end milling process. The proposed NBI-RPD method
conducted to several equiespaced points in the Pareto Frontier
promoting the minimization of surface roughness and its respec-
tive variance. Since the variance were provoked by noise factors,
was expected the optimized design should be capable of neutral-
ize the effects of these factors. Indeed, confirmation runs (using
a L9 Taguchi design) have revealed that noise factors were not
significant to the roughness Ra and Rt when the obtained robust
parameters x∗T

w=0.20 = [ −1.382 0.784 −0.609 1.051 ] were set.
Moreover, this paper has pointed out some practical achieve-

ments on the perspective of the end milling process. The low values
of Ra and Rt are interesting in industry applications. Given the
increasing environmental concerns over lubricant waste disposal,
the optimal result has been shown to be clean, as long as the use
of refrigerant fluid is unnecessary for keeping surface roughness in
low levels. Tool wear is a natural consequence of the physical pro-
cess of material removal and, under some aspects; this is a noise
factor because its occurrence is unavoidable as a function of the
cutting time. Then, since the tool performance degrades with sev-
eral machining passes, the optimal setup is not capable of ensuring
that the surface roughness values stay the same. In the robust con-
dition, however, tool usage performance appears to be assured of
lasting a long time before its breaking.

Therefore, establishing an end milling process that does not suf-
fer from the influence of variations in the lubricant flow rate, tool
wear, or concentration is important to ensuring the quality of sur-
faces machined in an optimal setup. Otherwise, if these variations
are neglected, the optimal setup could not generate parts with the
predicted optimum over time. In other words, an optimal surface

roughness could not be maintained with the cutting tool wear, nei-
ther with a low nor with a high level of lubrication quantity or
concentration. This is basically the difference between an optimal
and a robust design.
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