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The resistance spot welding is a promising and widely used method for joining mechanical structures, being
applicable in various industrial sectors and constantly improved in order to guarantee a product with high
reliability and mechanical quality. This paper aims to verify the variability attributed to different measuring
instruments for this process, considering the multivariate nature of its critical-to-quality characteristics. In order
to verify the degree of reliability of the results in this process, the multivariate repeatability and reproducibility
study based on the weighted principal components method was used, considering two different responses.
Design of experiments methodology was used for collecting the data, in order to obtain a real representation of
the process amplitude. The measurements were evaluated by image analyzer and conventional metrology me-
chanical instruments. The results showed a better precision of the metrics performed by the image analyzer,
where the measurements presented lower variability, while the mechanical instruments showed greater un-

certainties for the measured values.

1. Introduction

Resistance spot welding (RSW) is a process that uses heat from an
electric current for joining metallic structures. Although RSW is widely
used in different segments of the industry, it is worth highlighting its
use in the automotive industry, especially as a welding process for steel
sheet products [1,2]. Among the main features of the RSW process are
high operating speeds [3] and suitability for automation [4].

To ensure that the weld maintains constant quality during the
production process two factors should be considered: (1) optimum
welding parameters and (2) process control [5]. Due to the importance
of weld quality, methodologies for defining optimal welding parameters
are widely used for process improvement, contributing to the control
and capability of the RSW process.

Several specific methods of quality assessment can be used to verify
dimensionality measurements of the weld point, such as electrode dis-
placement [6], X-ray [7] and ultrasound [8]. In addition to these ap-
proaches, the metallographic analysis is used to analyze the geometrical
characteristics of the welding process [0-11]. The geometrical char-
acteristics are directly related to weld strength, such as the weld button
size characteristics [12]. Thus, this study evaluates the indentation
depth and nugget width, which are the geometric quality characteristics
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that have major impact on products from RSW process.

The high quality of the products are one of the main targets of
manufacturing companies [13]. To reach these conditions, it is critical
to control the variability of manufacturing processes. Part of the total
variability of this process is due to the variability associated with the
measurement system (special cause) and the other part is due to the
process itself (common cause) [14,15]. Thus, in order to monitor and
improve processes such as RSW, it is extremely necessary to determine
the capability of the measurement system [16,17].

In order to evaluate the capability of measurement systems, one can
use gage repeatability and reproducibility (GR&R) studies [18]. The
most used methods for performing GR&R studies is the Analysis of
Variance (ANOVA) approach, that segregates the variance of the mea-
surement system into two components: variance due to repeatability
and variance due to reproducibility. The GR&R strategy is widely used
for measurement system analysis (MSA) as in [14,19-21].

In manufacturing processes, several outcomes are taken into ac-
count for process monitoring and improvement. These outcomes are
usually statistically correlated, and when the variance-covariance
structure among these outcomes is not considered, it can lead to in-
accurate analysis and incorrect conclusions. Hence, in order to over-
come the aforementioned issue of correlated outcomes in multivariate
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Table 1

Measurement system analysis studies applied to RSW processes.
Author Material Approach
Wan et al. [33] Titanium Univariate
Degidi et al. [34] Titanium Univariate
Wang et al. [35] Low carbon steel Univariate
Xia et al. [36] Aluminum Univariate
Podriaj and Simoné [37] Duplex steel Univariate
Al-Jader et al. [38] Galvanized steel Univariate
Lei et al. [39] DP600 and mild steel Univariate
Lai et al. [40] Galvanized steel Univariate
Klopcic et al. [41] Galvanized steel Univariate
Hao et al. [42] Aluminum Univariate

measurement system analysis, some techniques can be employed such
as: The multivariate analysis of variance (MANOVA) applied together
with a GR&R study [22], principal component analysis (PCA) and
combined with a GR&R study by Wang [23] and weighted principal
component (WPC) proposed by Liao [24] and applied primarily to
studies of multivariate measurement systems by Peruchi et al. [15].

Several studies have aimed the analysis of manufacturing processes
with multiple outcomes [25-28]. Specifically, some studies are focused
on the multivariate measurement system analysis [29,15,30-32,22,23].
However, for Wang and Chien [31], measurement system analysis with
multiple outcomes remains a relatively unexplored research field.

Table 1 presents some studies related to measurement system ana-
lysis in RSW. As it can be noted, there are several relevant papers that
address univariate characteristics applied to the RSW process. To the
authors’ best knowledge there are no studies that address the use of
multivariate strategies for the measurement system applied to this
process or that even analyze the variability of these instruments. Thus,
this paper proposes a multivariate GR&R study based on weighted
principal components (GR&R-WPC) for the variability evaluation of
measuring instruments in a RSW process. This is a original approach,
since none of the published studies have performed this kind of analysis
before.

This paper is organized as follows: a brief review of the literature on
RSW, gage R&R study and the WPC approach is presented in Section 2.
Subsequently, Section 3 describes the experimental procedure, detailing
the materials, equipment and data collection. The application, statis-
tical results and discussions are presented in Section 4. Finally, Section
5 deals with relevant conclusions on the addressed subject.

2. Literature review
2.1. Resistance spot welding process

The resistance spot welding process (RSW) is the joining of two
pieces of metal through their fusion, superimposed by two electrodes
that generate sufficient force and heat at the weld point, by the passage
of an electric current [12], highlighting itself as being widely used in
manufacturing processes.

There are three sets of main parameters of regulation in a spot
welding process: Welding current, welding time and electrode strength.
These parameters are widely used in RSW studies [2,43,44]. Knowing
the controllable and uncontrollable factors of the process, as well as
adequately configure the parameters for the realization of the process
guarantee an adequate final product, since such factors and parameters
impact on its geometry and final quality of the welded product [45].

The quality of the RSW can be verified through specific tests [46]
detailed by AWS [47] in order to guarantee and monitor the quality of
the weld point. During the process, it is possible to assign some geo-
metries that characterize the quality of the spot weld, as the indentation
depth (ID) and Nugget/button width (NW) [45]. These characteristics
can be verified according to Fig. 1.
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Fig. 1. Geometric characterization of the welded point. Adapted from [45].

According to Zhang and Senkara [12], the welding quality inspec-
tion is widely used in the production environment, being performed by
professionals qualified for this type of analysis with the use of simple
equipment, such as calipers and magnifying glasses. Still according to
the authors, the diameter of the weld point is a common characteristic
of measuring, since this metric can be performed through the caliper.

The penetration is a critical feature that underscores the quality of
the RSW process [12]. This characteristic indicates the indentation
created by the electrode force on the plates during the welding process.
Eliminating this indentation is difficult, so AWS D8.7 [48] considers
acceptable a recoil of up to 30% of the sheet thickness, since a larger
indentation directly impacts the surface finish and the load-bearing
capacity of the weld. Excessive indentation can create a weak bond
between welds and metal sheets, especially in welding stacked sheets of
different thicknesses.

There are some simple devices to perform surface indentation
measurements of a weld point, such as a “dial-gauge meter” or “dial
drop indicator”, this being a mechanical device used to check the in-
dentation depth (ID) [12]. Performing the evaluation of this char-
acteristic becomes important because an excessive ID value may induce
excessive heating or excessive separation of the plates during the RSW
process.

According to Zhang et al. [49], the nugget, or weld point, must
present the principal conditions for evaluating the appearance and the
appropriate strength, i.e., it is important that the weld point is of an
adequate size. The weld size requirements are possibly the most com-
monly used criteria for weld quality, where the size of the nugget can be
significantly different for distinct applications. The level of weld pe-
netration must be between 3./th to 6/th , where th is the thickness of
the part, where the majority of requirements are located between 4./th
to 54/th and many nominal weld sizes are set in this range [12]. The
weld point can be measured through its diameter, which is exposed
after a shear test. Fig. 2 describes the procedure to measure the nugget
width (NW), where its metric is given by the mean of the maximum and
minimum points.

Thus, in this paper, in addiction to the critical-to-quality char-
acteristics (CTQ) collected from the image analyzer and mechanical
metrology instruments (caliper and dial-gauge meter) will be used to
measure the quality characteristics of the nugget width and indentation
depth through a GR&R.

‘l’ "J'
NW, W

Fig. 2. Manual procedure for measuring the diameter of the point.
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Fig. 3. Graphical representation of (a) repeatability and (b) reproducibility of a measurement system.

2.2, Gage repeatability and reproducibility (GR&R)

The study used to measure the variation elements of a measurement
system, determining if this variability is less significant than that pre-
sented in the process is described as Gage Repeatability and
Reproducibility (GR&R) [50,31,51].

The repeatability component, Fig. 3a, represents the variance ori-
ginated within the system due to the various measurements of a single
item performed by a single operator using a single measuring instru-
ment [52,22]. The reproducibility component, Fig. 3b, represents the
variation caused by measurements among analyzed systems. In other
words, the reproducibility is originated from the variation of average
values of measurements by different operators, using a single measuring
instrument and a single item [53,54,31].

It is possible to consider two cases of control in measurement sys-
tems: product and process. “Product” is associated with binary deci-
sions, for approved and non-approved parts/products, from 100%
sampling inspection, where GR&R. aims to estimate the tolerance of the
product, not verifying the process. 5till, “Process” should be associated
with the decisions directed to the measurement system adequacy,
seeking to control the process, thus seeking the stability and under-
standing of the natural variability of the process.

There are three common types of GR&R study: crossed, expanded
and nested. The most common is the crossed, where each operator
measures each piece of the study and this procedure is repeated several
times. A nested GR&R study is characterized by each part being ex-
clusive to the operator, i.e., two operators never measure the same part,
as in a destructive analysis. The expanded is given by a crossed study
that presents additional fixed or random factors (beyond parts and
operators), and can also analyze crossed and nested factors.

To analyze the variability in the MSA one must consider the varia-
bility associated with the operator, the measuring instrument or the
error associated with the product itself, which is given by the model in
Eq. (1):

1, 2,...,a
1,2,...b
1,2,....n

i
y=pto+ B+ (@f)y+ apqJ
k

D

where y is the response variable, u is the mean value, a; — N(0, v,)
represents the random variable for each part, §; — N(0, ug) is the
random variable for operator and af; — N(0, vgg) is the random vari-
able for the interaction. The estimated error term is £ —~ N(0, v,). In
this way, a represents the number of parts, b the number of operators
and n the number of replicates.

If the interaction term is not significant, the model described in Eq.
(1) can be summarized, as demonstrated in Eq.(2):

y=#+“i+l8j+5ijk 2

The GR&R is a singular case of analysis of variance two-way with
random effects. This effect happens when factor levels are randomly
selected from possible levels of a population. “Parts” or “Operators” can
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Table 2
ANOVA two-way for random effects (Part I).
Source  DF 58 MS
(A) @a-1 _ 1y 2. MS, = 54
Ssd—mz‘utl M%.—a M= )
(B) b-1) 1 b ¥, MSy = 8
S5 = Gy Zjm1 e~ S = 3-n
(AB) fa—1)b-1) 88an = 55p — 854 — 55 _ SSam
AR P A ] MSpg = i
(Error) ab(n—1) 55 = 88; — 58,4 — 855 — S84 MSy = S5
T dbln—1)
(Total)  (abn—1) [

_su b n 2
SSr = Yot Dj=1 Zi=1 Yik ~ i

be represented as random factors because they can be selected from a
severe set of available options. The mathematical proof can be found in
Appendix A. In general, it is possible to verify from Tables 2-4 the
expressions conducted in a GR&R study.

Consequently, in Table 5, one can verify the variation components
for the R&R study, where MSP and MSO is the mean square for parts
and mean square for operators, respectively, MSPO is the mean square
for the interaction term (part x operator) and MSE is the mean square
for the error term.

The process can be evaluated against indicators such as the R&R
percentage statistic (Eq.(3)), which measures the standard deviation of
the measurement system against the total standard deviation. Table 6
shows the acceptance guidelines for the measurement system
[22,53,55]. Another way to evaluate the process is to divide it into a
certain amount of categories and represent it from a variability statistic
of the measurement system called Number of Distinct Categories (ndc)
described in Eq. (4) [22,53,55]. It is important to mention that the
number of distinct categories must be greater than or equal to 5 [53].

%GR&Rp = {%]m%

or 3
2
o
nde,, = |=F =1, 41—
Tyis Oms 4)
Table 3
ANOVA two-way for random effects (Part II).
Source Var Comp F p-value
(A) a2= M54 ;I‘Mb}\u Fipy = :;:1“ 1= F{:tl)lﬁ‘: (a = 1); ab{n — 1))
(B) 3= _"“i*:“”-‘““ Fgy= h':;'*u L = Fh[Fy; (b — 1); ab(n — 1)]
(A) _ MSpp— MS s Miag L — FoL [Fag; dfag: ab(n — 1
T = " Fam = s (am [Far: dfag: ab(n — 1)]
(Error) a?
(Total) o2
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Table 4
Gage R&R: percentage of contribution and study variation.
Source Var Comp % Contribution %Study Var
(Total Gage R&R) ‘T.Ez + g‘i& +of (og+5% +of) [GIT) f[qé +od+ o)
of
Repeatability a2 o &
E o1
ibili 2 L g2 2. 2 1 3
Reproducibility a5+ O (95 +9g) [a—) [5132 + Gp)
as r
T
Operators ,Iﬁz o2 %
é oT
Part-to-part 2 2 4
Tx ;Ez o1
T
Total Variation or=of + g'#z + Unzg + a2 100% 100%
Table 5
Variation components for the R&R study.
With Interaction Without interaction
2 _ M50 — MSPO MSI — MSE
Process a2 = 52 = M0 5= Msr-
Repeatability G2 pcatanily = 42 = MSE &2 = MSE
ibili 2 = PR M50 — MSPO | MSPO— MSE =3 _ MSO— MSE
Reproducibility a’rn-pmdunh:llly - Cl'g + gnzﬁ = — > T 5 :Fé = T
Measurement system 6'!\1(5 = 3r2|_-pca|alul|l)- + Iﬂr%n:pm-dmcmull[;; sripcaiahlhly + d‘rzl:plbdul:lhlllly
Total variation &t = 8F + 8 O + by

Table 6
Classification criteria for the measurement system for variation study.
Measurement System YGRER
ACCEPTABLE = 10%
MARGINAL 10-30%
X UNACCEPTABLE = 30%

The ANOVA method stands out in relation to the M&A, since it es-
timates the variances more accurately. In addition, ANOVA provides a
greater number of information, since it gives interaction data between
operator and part [53]. Among the multivariate methods, there are the
MANOVA method [22], principal component analysis (PCA) [23] and
the weighted principal components (WPC) approach [15].

2.3. Gage study based on weighted principal components

In their multivariate measurement system analysis, Wang and Chien
[31] compared the PCA method with two other methods. However, for
each principal component, the analysis is performed separately, which
may be inadequate since different interpretations may occur. When the
first component presents high correlation with the responses, it can
consistently explain the variability of the measurement system. On the
other hand, when these correlation do not present a high percentage, it
is necessary to analyze more than one principal component [15].

Peruchi et al. [15] performed an extensive analysis of multivariate
methods such as MANOVA, PCA and WPC, in addition to the univariate
ANOVA method, applied to data with several levels of correlation. The
authors concluded that the WPC method is the best choice for a GR&R
study that presents correlated characteristics, since it was the most
robust method, bringing an analysis with more reliable results.

Thus, Peruchi et al. [15] proposed the multivariate GR&R. study,
using weighted principal components (WPC), where the model response
is given by the weighting of the principal components by their re-
spective eigenvalues. This strategy was based on the studies of Liao [24]
and Paiva et al. [56], where the principal components were weighted in
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a multiobjective optimization technique.

To apply the method proposed by Peruchi et al. [15], the level of
correlation (p) of the quality characteristics must be analyzed, as in Eq.
(5), where cirg, and ofyq, is the ith and jth variance; Coverg,crq, re-
presents the covariance between the quality characteristics. After that,
one must check for significant correlation. If there is no significant
correlation between the quality characteristics, a univariate GR&R
study, such as the ANOVA method, should be performed.

Covergierg

2 2
Scro: IeTy

Perqicty = Vi, j=12, ..q

(5)

If a significant correlation between the quality characteristics is
verified, one should proceed evaluating the measurement system
through the application of a multivariate GR&R study, such as the WPC
approach. For this, the principal component can be defined by Eq. (6).

Voi=1,2 ..q

()

According to Johnson and Wichern [57], the linear combinations
can replace the original variables. If PC; = ¢ CTQ is the ith principal
component and the X is the covariance matrix, then:

PC; = ¢ CTQ = e;;CTQ, + exCTQ; + - +e45CTQ,

Var[PC;] = ¢/ Ze; = Var[e/ CTQ;] ¥ i=1,2, ...p @

Cov|PC;, PCy] = ¢/ Ze, = Covl|e/CTQ, ¢/ CTQ] ¥ i,k=1,2, ..p

3

The principal components are characterized by uncorrelated linear
combinations PCy, PC,, -+, PC,, where their respective variances, given
in Eq. (7), are as large as possible. The first PC is the linear combination
with maximum variance, i.e., it maximizes Var|e] CTQ], which can be
increased by multiplying any e, by a constant.

With the lexicographic solution of Eq. (6), which can be obtained
through the formulation in Eq. (9), one can have the pairs of eigenva-
lues-eigenvectors and, consequently, the percentage of explanation of
the components and their scores. From Eqgs. (6) and (9), it is possible to
find the ith component and store its scores.
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Varle”CTQ|

ele =1

Cov|e/ CTQ, ¢/ CTQ| =0
k<i

Maximize:

Subject to:

&)

The WPC results in the matrix depend on the matrix of standardized
data (Z), eigenvalues (L) and eigenvectors (E), as demonstrated in Eq.
(10).

WPC =Z'EL
CT11 = CTCh CTQn2— CTQ2 . CTQny — CTQy
NET 522 R
CTOn=CTy | (CTap-—cron = (T2 —CT0y
= AT NG 5
(CTQRI—CTQI) (cmm—cml) CTQuq —CTQy
11 S Jaq
[ ey € ey
o o °
| Eg1 Eq2 €qq
[ 4
A
|
A

(10)

The variance components of the weighted scores for the MSA can be
estimated from Eq. (11), where the variable u is a constant and v;, £, af;
and e are independent random variables with mean zero and variance
o, cré, cf;)‘ﬁ and o7, respectively. The response vector is given by Eq. (12).

i=1,2..a
WPC = u + a; + }% + (r.rﬁ)ij + gy =1, 2,..b
k=1,2,...n an
q
WPC = ) [L(PC)] = L(PC)) + A(PC2) + - +44(PCy) a2
i=1

For a non-significant interaction term (MSPO), there is the simpli-
fied model (Eq. (13)), where its components of variance were presented
in Table 5.

WPC = +a; + § + & (13

Thereby, it is possible to estimate the GR&R multivariate indicator,
with %R & R, given by Eq. (3) and the number of distinct categories
identified by the system (ndc,,), which is given by Eq. (4). The accep-
tance criteria are the same as those given in Table 6.

Considering the strategies and techniques discussed, it is possible to
carry out an adequate study to evaluate the measurement system of the
resistance spot welding process.

Journal of Manufacturing Processes 36 (2018) 465-479

Fig. 5. TWPRV50 Presol Transweld® machine.

3. Experimental procedure and parameter definition
3.1. Materials

The experiments were performed in galvanized steel sheets, since
this material is widely used due to its great applicability, especially in
the automotive industry [58,59]. The specimens were made of hot dip
galvanized carbon steel sheets (AISI 1012 0.10-0.15% C, 0.3-0.6% Mn,
0.005% Al, 0.03% P, 0.05% S, 40-50 g/m® Zn) with a thickness of
0.8 mm, and were prepared following the specifications described in
Fig. 4, with dimensionality according to the AWS [48].

The experiments were conducted on a Presol Transweld® stationary
spot welding machine (Fig. 5), model TWPRV50, nominal power of
50kVA, AC and maximum current of 6 kA, with chromium-zirconium
electrodes (Group A, class 2). All experimental procedures were per-
formed at the Welding Laboratory of the Federal University of Itajub4
(UNIFEI) in Brazil.

3.2. Methods

The flowchart in Fig. 6 illustrates the steps for carrying out this
study. In Step 1, the Design of Experiments (DOE) methodology was
used to properly perform the experimental procedure. According to
[13], DOE is an important statistical strategy to model experiments.
Thus, for data collection, an experimental matrix was created using
such methodology, so that the characteristics of the parts can represent

Fig. 4. Specimen dimensions for the tensile shear test. Adapted from [59].
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Fig. 6. Experimental procedure for the multivariate GR&R study.

a real amplitude of the RSW process.

The limits for the main welding parameters were determined based
on preliminary tests, and in order to prevent the “interfacial” type of
failure at the weld point. Table 7 presents the test levels for the para-
meters, noting that the pressure of the electrode was set at 2 bar. With
these parameters and using the DOE methodology, a Fractional Fac-
torial Design was created (Table 8), providing parts with different
characteristics.

In Step 2, to collect the CTQ, eight specimens or parts (a), four
operators (b) for three replicates (n) were considered, setting 96 mea-
suring data for each quality characteristic. Initially, the indentation
depth (ID) was measured from the Mituroyo dial-gauge meter with re-
solution of 0.01 mm (Fig. 7a). After the measurements by the dial-gauge
meter, the specimens were submitted to the shear test to expose the
weld point and the metric of the nugget width (NW) from a Digimess
universal caliper with a graduation of 0.05mm/1/128” (Fig. 7b). The
exposure of the weld point was performed using an Instron® model 8801
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Table 7

Welding parameters and respective levels.
Setup Unit Levels

-1 1

Torcheating Cycles 5 11
Lorcheating YokA 66 74
Tovelding Cycles 7 17
Loetding YokA 75 83

hydraulic servomotor with 100 kN axial force.

For the metallography analysis (Fig. 8), a stereoscope Olympus®,
model 5Z61 with 20-magnification and the Analysis Five® software
were used.

All measurement assays were performed randomly, with eight
measurements for each of the three replicates done by four different
operators, which gives a total of 384 measurement data, described in
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Table 8

Experimental matrix (fractional factorial design).
Run Setup

Tyreheating (cycles) Toretscating (YakA) Towetaing (cycles) Lyciding (YakA)

1 11 74 7 83
2 11 66 17 83
3 5 74 7 83
4 11 74 7 75
5 5 66 17 83
[3 11 66 17 75
7 5 74 17 a3
8 11 74 17 83

Fig. 7. Mechanical measuring instruments: (a) Mitutoyo dial-gauge meter and
(b) universal caliper Digimess.

Fig. 8. Image captured of one of the study's specimens.

Table 0. It is worth highlighting that the operators are the same for each
instrument and that they were properly trained for the task.

After collecting data from both groups of instruments (AF and MI),
the measurement study should be applied and analyzed from the sta-
tistical procedures highlighted in Section 2 and in the flowchart shown
in Fig. 6. These analyses are detailed in Section 4.

4. Results and discussion

Following the model proposed in Fig. 6, after performing the mea-
surements it is necessary to verify the correlation of the data (Step 3),
which aims to measure the degree in which the variables change to-
gether. By performing the correlation analysis, it can be seen in
Table 10 that the quality characteristics presented a significant corre-
lation for both instruments (p-value for AF and MI equal to 0.000 and
0.012, respectively). For the AF, the Pearson correlation coefficient
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presented a value of 0.685, while for the MI this coefficient presented a
smaller but still significant value of 0.257.

Considering the correlated structure of the data, the WPC response
vector (Step 4) was created for each group of instruments. For this, the
principal component analysis of the ID and NW responses was per-
formed using the data correlation matrix X, that presents the variance
and covariance of the PC as in Eqgs. (7) and (8). Their respective ei-
genvalues and eigenvectors are stored in Table 11. From Eq. (10), it was
possible to extract the scores for the principal components, in order to
get to Eq. (11), by weighing the principal components with their ei-
genvalues. Equations (14) and (15) were used for AF and MI, respec-
tively, which are shown in Table 12.

q
WPCupy = 2, [4:(PC)] = L685PC,(ap) + 0.315PCoar)
i=1

(14

q
WPCouy = 9, [4:(PC)] = 1.2568PCya) + 0.7432PCauy

i=1

(15)

The results of Eq. (15) were adjusted to perform an analysis of
variance for the metrics of both instruments (Step 5) to determine if the
mean measurements are significantly different. Thus, for the AF in-
strument, it can be verified that the interaction term is not significant
(p-value equal to 0.766). Therefore, the model can be adjusted for an
analysis without the interaction term, as in Eq. (13). However, for MI,
the null hypothesis of interaction between operators (p-value equal to
0.000) is not rejected. Fig. 9 shows the GR&R-WPC study interaction
graphs.

Considering that the null hypothesis states that the means of the
group are all the same and using a significance level of 0.05, it can be
inferred that for both instruments, the null hypotheses of the parts
being identical are rejected (p-value = 0.000). However, only for the
AF, the hypothesis that operators replicate the same measurement to
the same part is rejected. The ANOVA results for AF and MI are shown
in Tables 13 and 14 , respectively.

Following the scheme of Fig. 6, in Step 6 the multivariate %R & R,
and ndc,, indicators were calculated using Egs. (3) and (4), respectively.
This indexes and the square roots of the variances are presented in
Table 15. The process variances, reproducibility, repeatability, mea-
surement system and the totality of variance were calculated from the
formulations presented in Table 5.

By carrying out a multivariate repeatability and reproducibility
study for each of the measuring instruments, one has the GR&R eva-
luation indicators described in Table 6. It is possible to verify that the R
&R was classified as unacceptable for mechanical measuring instruments
(dial-gauge meter and caliper), while it was classified as acceptable for
the analyzer (Analysis Five®), where %R &R,, = 5.63 and the number
of distinct categories identified by the system is equal to 25.

In order to evaluate and compare the distribution of measurements
for each of the instruments Step 7, a control R chart was generated
(Fig. 10} for both types of instruments. In Fig. 10, each point represents
the difference between the highest and lowest measurement value of
each piece, with the center line being the overall average amplitude of
the measurements made.

Fig. 10a shows that no point exceeded the control limits, indicating
that the amount of variation for the average amplitudes of the mea-
surements (performed by the operators using the AF instrument) are
within the expected range. Thus, it is concluded that there is con-
sistency in the measurements by the AF instrument.

In Fig. 10D, there is a critical point and an out of control, indicating
that the consistency in the measurements by the MI instrument is lower
than that of the AF instrument. This fact can be further sustained by
analyzing the general average amplitude measurements of both Fig. 10a
and b. In these figures it is observed that the overall average amplitude
of the measurements by the AF instrument is less than the overall
average amplitude of the measurements by the MI instrument,
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Table 9
Observed measurements of geometric characteristics for the multivariate GR&R study.
a b Analysis Five (ID) Analysis Five (NW) Dial-gauge meter (ID) Caliper (NW)
n=1 n=2 n=3 n=1 n=2 n=3 n=1 n=2 n=3 n=1 n=2 n=3
1 A 0.191 0.2023 0.1919 4.2946 4.2741 4.3528 0.14 0.12 0.17 5.40 5.30 5.30
1 B 0.2021 0.1909 0.2016 4.3239 4.3246 4.2935 0.20 0.20 0.20 5.10 5.10 5.20
1 C 0.201 0.1916 0.1912 4.344 4.3542 4.3542 0.18 0.18 0.13 5.45 5.45 5.45
1 D 0.1915 0.1908 0.1921 4.3843 4.3542 43843 0.20 0.19 021 5.50 5.70 5.80
2 A 0.2107 0.2116 0.2117 46539 47241 47844 0.13 0.05 0.11 4.40 4.45 4.40
2 B 0.2021 0.2122 0.2211 47436 47246 47544 0.11 0.21 020 425 435 4.40
2 C 0212 0.2222 0.222 47342 47248 47335 0.20 0.18 0.08 455 455 455
2 D 0.2117 0.2016 0.2118 47243 4.8439 4.8544 0.18 0.17 020 485 4.80 4.65
3 A 0.1314 0.1214 0.1227 3.534 3.6637 3.644 0.10 0.10 0.10 5.20 5.20 5.30
3 B 0.1333 0.1217 0.1215 3.6045 3.6148 3.5648 0.21 0.21 0.21 4.90 475 4.85
3 C 0.1217 0.1214 0.1316 3.6448 3.635 3.6444 0.10 0.10 0.10 4.80 4.85 4.85
3 D 0.1216 0.131 0.1318 3.6741 3.6739 3.6546 0.13 0.14 0.10 4.40 4.40 4.80
4 A 0.0687 0.0723 0.0704 3.5444 3.5442 3.5643 0.09 0.07 0.06 4.75 4.85 4.70
4 B 0.0714 0.0691 0.0709 3.5745 3.5455 3.5344 0.13 0.13 0.11 4.20 4.30 4.45
4 C 0.0694 0.0689 0.0707 3.5343 3.5642 3.5138 0.11 0.12 0.10 4.45 4.55 4.45
4 D 0.0677 0.0718 0.0722 3.5251 3.5743 3.5743 0.13 0.12 0.12 4.40 4.15 4.60
5 A 0.2518 0.2524 0.2612 4.5848 45141 45237 0.17 0.21 0.16 4.30 4.40 4.30
5 B 0.2616 0.2612 0.2714 4554 45438 45639 023 0.28 0.29 4.05 415 3.60
5 C 0.2618 0.2511 0.2612 46136 46437 45847 0.19 0.12 013 4.90 5.00 5.00
5 D 0.2717 02711 0.2519 4.5336 45239 46239 0.22 0.22 026 5.00 460 4.30
6 A 0.2017 0.1918 0.2018 3.8045 3.7843 3.795 0.10 0.15 0.11 4.10 4.05 4.05
6 B 0.1914 0.1915 0.2014 3.7946 3.8041 3.8246 0.20 0.15 0.19 4.00 4.15 4.20
6 C 0.2017 0.2013 0.2015 3.8439 3.8334 3.8341 0.18 0.18 0.09 5.00 5.10 5.10
[ D 0.2023 0.2019 0.1929 3.8439 3.8745 3.8744 0.21 0.16 0.12 5.00 520 4.95
7 A 0.1689 0.1715 0.172 4.7939 4.8639 4.7944 0.15 0.06 0.10 4.40 4.45 4.40
7 B 0.1818 0.1715 0.1712 4.8237 4.805 4.8139 0.32 0.20 0.20 4.20 4.35 4.40
7 C 0.1682 0.1725 0.1709 4.8346 4.8143 4.8248 0.12 0.14 0.13 4.50 4.60 4.45
7 D 0.1712 0.1638 0.1708 4.8144 4.9245 4.8441 0.20 0.15 0.20 4.65 4.90 4.30
8 A 0.1416 0.143 0.1417 4.0739 4.1646 4.0846 0.19 0.27 026 5.50 5.45 5.45
8 B 0.1414 0.141 0.1416 4.1445 41242 41339 0.32 0.33 0.31 5.65 575 5.80
8 C 0.1407 0.1421 0.1392 4.1841 41639 4.0938 0.18 0.18 015 455 460 450
8 D 0.1375 0.1415 0.1429 4.1243 4.1945 41841 0.34 0.32 0.32 5.35 515 5.45
Table 10 addition, Fig. 11, reinforces that MI is less effective when compared to
Correlation analysis for ID and NW. the measurement performed through AF, which can be sustained by the
Analysis Five® Mechanical Instruments fact that the variability in the measurements of each part is smaller for
NW NW the image analyzer. Moreover, it is highlighted the presence of outliers
in the metrics of part 7.
D 0685 0.257 To analyze the behavior of the operators, the Gage Run Chart
0.000% 0.012% vz pe ’ ge B Lhart was
generated for each of the WPC vectors that represent the instruments. It
) pparson. is possible to verify in Fig. 12 that the Gage Run Chart for Analysis
@ pvalue. Five® does not present discrepant points of the operators for each of the
parts, showing greater homogeneity in the reading results compared to
Table 11 the graph of Fig. 12b, which represents the same operators for the

Principal component analysis for AF and ML

Analysis Five® Mechanical Instruments

PC1{AF) PC2(AF) PCI1(MD) PC2(MI)
Eigenvalue 1.685 0.215 1.2568 0.7432
Proportion 0.842 0.158 0.628 0.372
Cumulative 0.842 1.000 0.628 1.000
Variable Eigenvectors Eigenvectors
D 0707 —-0.707 0.707 -0.707
NW 0.707 0.707 0.707 0.707

indicating that the measuring system using the AF instrument has less
variation than using the MI instrument.

From the Boxplots in Fig. 11, it is possible to verify the shape,
central tendency and variability for each of the parts and instruments. It
is possible to notice that the central trends of the measurements (re-
presented by the circle with an “ x ™) of each part in both Fig. 11laand b
are different, thus representing the measurement range of the parts. In
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mechanical measuring instruments.

In addition to the quality characteristics, there is a level of corre-
lation between the instruments analyzing the same response, and this
behavior can be shown through multivariate normal distributions
(MND). This MND is characterized by a random distribution of vectors
with correlated variables, considering that each element has a uni-
variate normal distribution assigned. Figs. 13 and 14 illustrate the
probability density for each of the parts for the critical-to-quality
characteristics ID and NW, respectively, showing the existing variability
between the parts considering the correlation structure between the
instruments.

5. Conclusions

With the evident level of correlation between the quality char-
acteristics of the RSW process, the application of multivariate techni-
ques for the measurement system analysis become truly important.
Measurements through mechanical instruments are widely used be-
cause of their rapid evaluation and easy, while the image analysis de-
mands more time and availability for its evaluation. With the analyses
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Table 12
PCA scores and WPC for AF and ML

a b PC1{AF) PC2(AF) WPC(AF)  PC1(MI) PC2(MI) WPC(MI) a b PCI(AF) PCZ(AF) WPCAF)  PCI(MD PC2(MI) WPC(MI)
1 A 0.3807 —0.1068  0.6078 0.6313 1.2598 1.7297 5 A 1.5918 —0.4464 25415 —0.6605 —0.6694 —1.3276
1 A 0.4940 —0.2817 07436 0.2725 1.3259 1.3278 5 A 1.4933 —0.5602  2.3397 —0.0892 —0.9479 —0.8165
1 A 04795 —0.0309 07983 0.8036 0.7947 1.6006 5 A 1.6199 —0.6580  2.5222 —0.7668 —0.5632 —1.3822
1 B 0.5662 —0.2042  0.8897 0.8295 0.1832 1.1787 5 B 1.6705 —0.6177 26202 —0.3892 —1.6728 —-1.7323
1 B 0.4244 —0.0604  0.6961 0.8295 0.1832 1.1787 5 B L6501 —0.6279  2.5826 0.25884 —2.0575 —1.1666
1 B 0.5142 —0.2436  0.7897 0.9759 0.329% 1.4715 5 B 1.8104 —-0.7278 28211 —0.4638 —2.9159 —2.7499
1 C 0.5824 —0.1601 0.9308 1.1294 0.9081 20944 5 C 1.7626 —0.5307 28027 0.4304 —0.0034  0.5385
1 C 0.4778 —0.0249 07972 1.1204 0.9081 20044 5 C 1.6713 —0.3491 27061 —0.1668  0.8866 0.4493
1 C 0.4727 —0.0198  0.7902 0.5983 1.4393 1.8216 5 C 1.7115 —0.5665  2.7054 —0.0606  0.7804 0.5039
1 D 05217 0.0215 0.8859 1.4151 0.7689 2.3500 5 D 1.7687 —0.7771 2.7354 0.8955 —0.1756  0.9950
1 D 0.4676 —0.0147  0.7833 L&017 1.1679 2.8811 5 D 1.7465 —0.7840  2.6958 0.3008 —0.7613 —0.1763
1 D 05294 0.0139 0.8964 1.9606 1.1019 3.2830 5 D 1.6518 —0.3800  2.6606 0.2955 —1.6254 —0.8365
2 A 1.1714 0.1815 2.0309 —0.9390 —0.0981 —1.2531 6 A —0.2188 —0.9791 —-0.6771 —1.6970 —0.2186 —2.2953
2 A 1.2883 0.2754 22575 - 17157  0.8250 —15432 & A —0.3754 —0.8832 —0.9107 —1.2390 —0.8230 —2.1688
2 A 1.3801 0.3647 2.4403 —-11515  0.1144 -13622 & A —0.2318 —0.9947 —0.7039 —1.6639 —0.3980 —2.3871
2 B 1.1964 0.4259 21501 —1.4242 —0.0521 —-1.8288 6 B —0.3650 —0.8626 —0.8368 -0.7811 —1.4273 —2.0424
2 B 1.2967 0.2685 2.2695 —0.1624 —1.0211 -09629 6 B —0.3494 —0.84% —0.8565 —1.0926 —0.6765 —1.8760
2 B 1.4549 0.1998 25145 —0.1954 —0.8417 —0.8711 6 B —0.1924 —0.9451 —0.6220 —0.5945 —1.0283 —-1.5113
2 C 1.3086 0.2855 22948 0.0242 —0.6220 -04319 6 C -0.15%6 —0.9200 —0.5588  0.4706 0.2493 0.7767
2 C 1.4245 0.1413 24448 —0.1883 —0.40% —-05410 & C —0.1805 —0.9306 —-0.5973 0.6170 0.3957 1.0695
2 C 1.4350 0.1569 24674 —-1.2506  0.6527 -1.087 & C —0.1789 —0.9321 —-0.5917 —0.3391 1.3517 0.5784
2 D 1.2899 0.2744 22598 0.2510 0.0297 0.3375 6 D —0.1520 —0.9276 —0.5483  0.7893 —0.0694  0.9404
2 D 1.3406 0.5828 2.44325 0.0715 0.0627 0.1365 6 D —-0.1111 —0.8766 —0.4634 05510 0.7546 1.2532
2 D 1.4865 0.4685 2.6523 0.1706 —0.4756 -013%0 & D —0.2260 —-0.7619 —0.6209 —0.2400  0.8134 0.3029
3 A —1.5215 —0.4887 —-27176 —0.0864 1.3919 0.9258 7 A 0.8485 0.9248 1.7211 —0.7266 —0.3105 —1.1439
3 A —1.4543 —0.1665 —2.5028 —0.0864 1.3919 0.9258 7 A 09868 0.9967 1.9767 —16094 07187 —1.4887
3 A —1.4673 —0.2126 —25393 0.0600 1.5383 1.2186 7 A 0.8888 0.8860 1.7768 —1.2577  0.2206 —1.4168
3 B —1.3914 —0.4071 —2.4727 0.6429 —0.2158  0.6476 7 B 1.0578 0.8050 2.0360 0.7865 —2.4092 —0.8019
3 B —1.5239 —0.2437 —26444 0.4232 —0.4354  0.2084 7 B 0.8984 0.9083 1.7999 —0.2686 —0.9149 — 10175
3 B —1.6015 —0.3162 —2.7981 0.5697 —0.2890  0.5012 7 B 09079 0.9255 1.8213 —0.1954 —0.8417 —0.8711
3 C —1.4788 —0.1987 —2.5543 -0.6721 0.8063 -02455 7 C 09007 0.9943 1.8311 —-0.8988 0.1546 —1.0148
3 C —1.4974 —0.2095 —2.5890 —0.5989  0.8795 —0.0991 7 C 09351 0.9095 1.8453 —0.5400  0.0885 —0.6129
3 C —1.3532 —0.3255 —2.3826 —0.5989  0.8795 —0.0991 7 € 09204 0.9457 1.8488 —0.8658 —0.0249 —1.1067
3 D —1.4361 —0.1534 —2.4681 —0.9390 —0.0981 —1.2531 7 D 09086 0.9262 1.8228 0.1706 —0.4756 —0.1390
3 D —1.3165 —0.2736 —2.3045 —0.8328 —0.2043 —-11985 7 D 0.979% 1.1859 2.0242 0.0055 0.4215 0.3202
3 D —1.3353 —0.3128 —2.3484 —0.6721 0.8063 —-02455 7 D 0.0481 0.9759 1.9050 —0.3418 —0.9881 —1.1639
4 A —2.3055  0.3265 —3.7818 —0.8515  0.8393 —0.4465 8 A —0.5807 01919 —0.9181 1.3089 0.8751 2.2954
4 A —2.2599  0.2803 —37195 -0.9175 1.1982 —-0.2628 8 A —0.4267 03102 —-06212  2.0855 —0.0479  2.5855
4 A —2.2539  0.3347 —3.6923 —1.2434 1.0848 —07566 8 A —05634  0.2066 —0.8842 1.9793 0.0583 2.5310
4 B —2.2259  0.3373 —3.6442 -1.2319 —0.3909 —-1.8387 8 B —0.4773  0.3004 —0.7095  2.9095 —0.2862  3.4440
4 B —2.2087  0.3231 —-37715 —1.0854 —0.2445 —15459 8 B —05129  0.2750 07775 3.1621 —0.2461 3.7914
4 B —2.2925  0.2834 —3.7734 -1.0783 01876 -121%8 8 B —-0.4906  0.2819 —-0.7379  3.0229 0.03% 3.8287
4 C —23117  0.3024 —3.7999 -1.0783 01876 -1.2158 8 C —0.4267  0.3688 —0.6028 —0.1883 —0.409 —0.5410
4 C —22732  0.3537 —3.7188 —0.8256  0.2278 —-0.8684 8 C —0.4392 0.3206 —0.6390 —0.1151 —0.3364 —0.3946
4 C —-23259  0.2551 —3.8387 -1.1845  0.2938 -12704 8 C -05815 0.2523 —0.9002 —0.5802 —0.1641 —0.8511
4 D —23472  0.3103 —3.8572 —0.9390 —0.0981 —1.2531 8 D —05573  0.3198 —0.8383 26827 —0.9379 26747
4 D —2.2211 0.3319 —3.6378 —1.4113 —0.3579 —20397 8 D —0.4009  0.3742 —0.5576 21774 —1.0183 1.9799
4 D —2.2160  0.3268 —3.6308 —-0.7524  0.3010 -07220 8 D —0.3987  0.3407 —0.5644 26166 —0.5791 2.8584
4
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Fig. 9. Interaction plot for the GR&R-WPC study for the geometric characteristics, for (a) AF and (b) ML

performed to verify the degree of reliability of the results for the RSW contributing to a faster and more complete analysis;
process, it is possible to infer: ® The comparison between the metrics performed by the AF and the
MI's showed that the GR&R was considered acceptable for the me-
® The GR&R-WPC method allowed to evaluate the measurement trics performed by the AF, presenting %R&R equal to 5.63 and the
system considering the variance—covariance structure of the data, number of distinct categories identified by the system equal to 25,
while reducing the dimensionality of the analyzed responses, while for the MI the study was classified as unacceptable for the two
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Table 13

Analysis of variance for WPC scores of AF.
Source DF 55 Ms P
Parts 7 455.969 65.139 5021.62 0.000
Operators 3 0.347 0.116 8.92 0.000
Repeatability 85 1.103 0.013 -
Total 95 457.419 -

Table 14

Analysis of variance for WPC scores of ML
Source DF 58 MS F P
Parts 7 134.284 15.184 5.30 0.001
Operators 3 7.583 2528 0.70 0.563
Part * Operators 21 76.010 3.620 23.82 0.000
Repeatability 64 9.726 0.152 - -
Total 95 227,603 - - -

Table 15

Variance contribution for AF and MI — GR&R-WPC.

Source Analysis Five® Mechanical Instruments
a % Contribution a % Contribution
Ograp 0.13135 5.63 1.1436 70.86
Orepeatability 0.11389 4.88 0.3898 24.15
Oreproducibility 0.06543 2.80 1.0751 B6.61
opermiors 0.06543 2.80 0.0000 0.00
Oparts x operators - - 1.0751 66.61
Opart 1o —part 2.32962 99.84 1.1389 70.56
Cparss 2.32962 99.84 1.1389 70.56
or 2.33332 100.00 1.6139 100.00
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Fig. 10. Control R chart for the GR&R-WPC study for (a) AF and (b) ML
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Fig. 12. Gage Run chart for the GR&R-WPC study for (a) AF and (b) ML

indicators.

It could be verified that the measurements made through an image
analyzer, such as Analysis Five®, present a smaller measurement
error, with results of greater coherence and reliability for the pro-
ductive process. The mechanical instruments analyzed in this study
tend to present greater variability in the measurements, which can
be caused by hysteresis errors (dial drop indicator), and by a diffi-
cult positioning for the measurement of the nugget width (caliper).
Through the multicorrelated structure of the instruments, the mul-
tivariate normal distribution provided to verify the probability
density function of these instruments for each of the parts, in both
CTQ's, highlighted their behaviors and variabilities.

Both instruments were able to identify variation causes in the RSW
process, such as the Part 7 that presented greater variability in the
metrics performed for the mechanical instruments, presenting out-
liers in the readings and being characterized as a systematic error of
the process. However, the image analyzer provided more consistent
and accurate measurement results. Thus, it is possible that, at first,
mechanical instruments are not the best choice to evaluate the
quality of the spot weld with precision.
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Fig. 11. Boxplot for the GR&R-WPC study for (a) AF and (b) ML
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Appendix A. ANOVA two way with random effects

The two-way ANOVA model can be described as in Eq. (A.1):
Vig =M+ o+ f:_l +(af)y +epi=1,2, a; j=1,2, ..bi k=1,2, ..n (A1)

In this case, the variance can be obtained as in Eq. (A.2), where: a; = (i; — 1) and f; = (1 — ).
Var(y) = Var(u) + Var(a;) + Var() + Var[(af);] + Var(gi) (A.2)

Assuming that the population of treatments is normally and independently distributed, with mean equal to zero and variances o2, cr§, crfgm, the
total variance will be:

oy =05 + G5 + Oy + 07 (A.3)
where o7, 03, o4 and 7 are the variance components.

The difference between the ANOVA computations for the random and fixed effects models is in the nature of the expected mean square for the
random effects. Failing to reject the null hypothesis means that there is no variability in the population of treatments, while the rejection of the null
hypothesis implies that there is significant variability among the treatments in the entire population that was sampled. In this case, the conclusions of
the ANOVA may be extended to the entire population of treatments. In the GR&R case, the results can be generalized to the entire set of parts and
operators.

The variance components can be found when computing each sum of squares and their respective expected mean square in terms of random
effects. The sum of the terms of Eq. (A.3) can be written as:

n b b
3’}--22 Z}’ijk=b“#+bmf+ﬂzjﬁj+n2aﬁ‘.j+s,-,.
J=1 k=1 j=1 i=1 (A.4)
o

For fixed levels, the expected values of squared effects are null (Eq. (A.5)) and (aB),; = (af). = (aB).. =0

a;)z = E[§ (ay — #)] =0 E[é:. g]z =0

=

i=1 (A.5)
On the other hand, for random effects, the expected value of squared effect E(u; — ) is not null. Therefore:
a 2
E(Z a;) =E(@)’ = ’E(y; — p)° = d'og
i=1 ——c—
L (A.6)
b 2
E[E gj] = b’E(B)* = bE(y, — p)* = b’o}
j=1
! o (A7)

b 2
E[E I".’{Jeij] = ,52]_::(“5'])2 = bQE(ﬂ“ - .“)2 — bzﬂéﬁ

2

o (A.8)

Hence, the expected value of the sum of squares for row factor (Parts) is:

1 a
—E Z ¥2.| = abng® + abno? + anc} + anog; + ag?
bn [i:l ‘ - (A.D)

Likewise, if the total sum is written as:

a b n a b a b
Yeo= 2 20 XV =abnubn Y akan g+ n D0 N (s + ...
i=1 j=1

i=1 j=1 k=1 i=1 j=1 (A.10)

Yiow = Dt Do Vi = Doy Doy Vi W+ i+ B + oy + i)
= Z?=| Zio i+ Z?=| T @i+ Z?=| i Bt Z?=| Do B + E?:J ki ik
=bnu + bna; + nY_ B +nY_ b+ X T e
=bnu + bna; + n Y B +nY_ af; + .. (A1)

h_lnEE?:J yf% = —h'.,[EL E(bnp)* + (b“)ZELlE(“f) + "T’E?:. E(Ellf’:f)z
+ n? ZLIE(Z;:JD: i_i)_’ El Z?=|E(5h.)2]

= hjn la(bng)® + a(bn)o? + abn20§ + abn’ogy + ag?]

=abng® + abnoy + anog + angg + ac? (A.12)
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= E:—L. Ef;:. 2:=|yijk = ZL. [b“.“ + bng; + ”ZL..E} + "E?=[Z;=| (Q}Igij)ij + Er--]
=abnu + bn E? a; +an Zb B+ ”Zf |E: , (@B + Ef_ Ejus
=abnu + bn T @i+ any_ B+ n¥ B (@B + k...

(A.13)
a 2 S b 2
¥2. = (abnu)® + (bn)-’[z C'-’a] 0 (an)z[z 4%—] + ﬂ-’[z ) (“.Ei,-)ﬁ] +e2
i=1 = i=1 j=1 (A.14)
m EGW: )= [(dbn_u)"’- + a(bn)’g + b(an)’of + abn’cy; + abno?| (A.15)
Therefore:
1 o2y _ . 2, L2 2
EJ:(y_") = abng? + bng + angg + nogg + o’ (A.16)

The expected mean square of factor A (or Parts) can then be obtained by combining Egs. (A.9) and (A.16), as in Eq.(A.17):

)[ (Zf‘y]_ﬁ (}r)} (A17)

Eq. (A.17) can be rewritten by replacing the terms of expected sum of squares by their respective expansions of Eq. (A.9) and Eq. (A.16), as it
follows:

E(MS,) = (

E(MSy) = [(abng? + abno? + ancr'a.2 + anggg + ag?)]

i)

)
! )[(i—;ll:m,r.c2 + bngg + angg + nogs + ¢2)]
)

a=1
(1)
( 1
a—1
(a) ®) ©

- (ﬁ][bnd&(a —1) + noZy(a— 1) + o*(a — 1] (A18)

=(
~(

[abng; — bnoZ + anog — nog + ao® — o]

Thus, the expected mean square for row factor (Parts) is:
E(MSy) = o® + nog + bnog (A.19)

Following the same reasoning, the expected mean square of factor B (Operator), the interaction term AB (Part x Operator) and the expected mean
square of error can be written, respectively, as:

E(MSg) = 02 + noj + anog (A.20)
E(MSyg) = 0% + nog (A.21)
E(MSg) = g? (A.22)
Since the expected value of mean square for the row factor, E(MS,), is equal to MS,, then:
» _ MSs — MSap
=T b (A.23)
Likewise, the expected values of mean square term for the Operator and the interaction Parts x Operator are, respectively:
» _ MSp — MSyp
P (A24)
MSup — MSg
MSap = MSg + no;,ﬁ = cr,,]g E— (A.25)
ANOVA two-way notation):
i b n as
=E;_|Ej_ Zg=|yijk J‘I..z( H)EI_ E_,_ Zk—]yuk .R..=(rhn)
Z.. Zk 1 Vi Y. = (bl) Z. k 1 Vi Y..= ('tn)
1 _ Kojs
Y. = Ei:l Ek:]yijk = ( ) E Eg 1 Yijic Y. = (3:1)
= Fije
Yij. = E:=1yijk ( ] k=1Yijk Yija =( ; )
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