International Conference on Industrial
Engineering and Operations Management

Guimaraes - Portugal July 9 - 11, 2012

Simulated Analysis for Multivariate GR&R study

Rogério S. Peruchi’, Anderson P. Paiva’, Pedro P. Balestrassi’, Alberto Garcia-Diaz"

" Institute of Industrial Engineering and Management, Federal University of Itajuba, 37500-093 Itajuba, MG, Brazil
“Department of Industrial & Information Engineering, University of Tennessee, 37996-0700 Knoxville, TN, USA

Email: rogerioperuchi@unifei.edu.br, andersonppaiva@unifei.edu.br, pedro@unifei.edu.br, agd@utk.edu

Abstract

This article explores the analysis of measurement system with correlated characteristics through the study of
repeatability and reproducibility. The main contribution of this research is to propose a method for multivariate
analysis of a measurement system by considering the weighted principal components (WPC). To prove its efficiency,
we generate simulated data with different correlation structures for measurement systems that are acceptable,
marginal, and unacceptable. The proposed method is compared with classical univariate and multivariate methods. It
was observed that, compared to the other methods, the WPC was more robust in estimating the assessment indices
of a multivariate measurement system.

Keywords: measurement system analysis, repeatability and reproducibility, principal component analysis, correlated
quality characteristics.

1 Introduction

Quality improvement projects are often characterized by their objective to reduce variability and achieve
zero-defect production. If a product fails to conform, analysts generally attribute the failure to the
process. The analysts then act to improve process capability. In some instances, however, there may be
nothing wrong with the process capability. Yet the measurement error, when compared to the variability
of the process, remains unacceptable (Al-Refaie & Bata, 2010). Hence, before a team of analysts tries to
improve a process, they should investigate both the variability of the measurement process as well as the
variability of the manufacturing process. In manufacturing, a measurement system is not used to
producing the exact dimension of a part. It provides measurements that, due to errors (random and
systematic), vary from the true value (AIAG, 2010). In any activity involving measurements, some of the
observed variability is due to the product itself, o, while the remainder is due to measurement error or

variability in the measurement system, o, (Li & Al-Refaie, 2008; Senol, 2004; Woodall & Borror, 2008).

In measurement system analysis (MSA), the study used to measure the components of variation is
called Gage Repeatability and Reproducibility (GR&R). Repeatability is the variation in measurements
obtained with one measuring instrument when used several times by an appraiser while measuring the
identical characteristic on the same part. Reproducibility is the variation in the average of measurements
made by different appraisers using the same gage when measuring a characteristic on one part (Awad et
al., 2009; Burdick et al., 2003; Erdmann et al,, 2010; Polini & Turchetta, 2004). GR&R aims to determine that
a measurement system'’s variability is less than that of the monitored process (Al-Refaie & Bata, 2010).

In assessing measurement systems that measure multiple characteristics, univariate approach may prove
unsatisfactory, as might the strategy of prioritizing the CTQ. In such systems, an analysis must consider

the correlation structure of the CTQs, a task more suited to multivariate methods. For GR&R studies, the
literature reveals few multivariate studies (Wang & Chien, 2010). This article deals with a multivariate
analysis of a measurement system through studies of repeatability and reproducibility of the
measurement process. Its main contribution is to propose a new method for multivariate analysis of a
measurement system based on principal component analysis. The new method Weighted Principal
Components (WPC) ponders the principal component scores by their eigenvalues. To prove the efficiency
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of the method, simulated data are generated with different correlation structures so as to measure
systems that are unacceptable, marginal, and acceptable. The results obtained by WPC will be compared
to those obtained by Principal Component Analysis (PCA) and Multivariate Analysis of Variance
(MANOVA) methods. The simulation study concludes that the proposed method is more robust than
MANOVA (Majeske, 2008) and PCA (Wang & Chien, 2010).

The remainder of this paper is structured as follows. Section 2 shows a brief review about how to obtain
principal component scores and how to evaluate a measurement system using the WPC method
proposed by the authors. In Section 3, a simulation study is conducted to evaluate the performance of the
multivariate methods for different correlation structures and for unacceptable, marginal, and acceptable
measurement systems. Finally, Section 4 presents the main findings involving the analysis using the
multivariate methods MANOVA, PCA, and WPC.

2 Multivariate GR&R study based on PCA and WPC

According to Wang & Chien (2010), to deal with multiple CTQs in a GR&R study, PCA is an alternative
method to the MANOVA proposed by Majeske (2008). Principal component analysis is one of the most

widely applied tools used to summarize the common patterns of variation among variables. Furthermore,
this statistical technique is also able to retain significant information in the first axes of the PCs, since the
variation associated with experimental error, measurement error, rounding error is summarized in the last

axes of PCs (Paiva et al., 2007). Principal components are algebraically a linear combination £ of g random
variables CTQ;,CTQ,,...,CTQ,. Geometrically these combinations represent a new coordinate system

obtained during the rotation of an original system (Johnson & Wichern, 2002; Paiva et al., 2008). The
coordinates of the axes now have the variables CTQ,,CTQ,,...,CTQ, and represent the direction of

maximum. The principal components are uncorrelated and depend only on the variance-covariance
matrix X (or the correlation matrix R) of variables CTQ,;,CTQ,,...,CTQ, and their development does not

require the assumption of multivariate normality. Since the matrix has pairs of eigenvalues-eigenvectors
(kl,el),(kz,ez),...,z ()» ,eq), where &, >, >...2 %, >0, then the {"" principal component is:

PC, =e/Y=¢,Y +e,Y,+...+e, Y, i=12,..q (1)
The " principal component can be obtained according to:

Maximize : Var[eiTCTQ]

Subject to: eje; =1 )

Cov[eiT CTQ,eECTQ]: 0, k<i

An original set of variables can be replaced by an uncorrelated linear combination called principal
component scores. Considering Z, the matrix of standardized data, and E, the matrix of eigenvectors of

the multivariate set, each principal component scores can then be obtained from (He et al., 2011; Johnson
& Wichern, 2002):

r 4T
Yii = Vi Yi2 =2 Yig = Vq
S S22 Sqq
_ e e e
— — 11 12 1qg
Yo = Vi Y22 = Y2 Yoq — Vg 3
_7Tp _ €y €x €24 3)
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Eq. (4) represents a complete model for a multivariate GR&R study with g quality characteristics, p parts, o
operators, and r replicates that can be analyzed by PCA. This model is similar to the univariate model. The
original responses, however, are replaced by the principal component scores.

PC, =p+a;+B;+(0B); +eg Vi=12...p j=12,.,00k =12, 4)

The variable p is a constant and «; 5, (af);; €« are independent normal random variables with zero mean
and variance, o-é , a/z, , o*f,ﬂ, and 052, for parts (process), operators, part operator interaction, and error term,

respectively. In their analysis of measurement systems, Wang and Chien (2010) compared the PCA with
two other methods. However, the authors conducted the analysis separately for each principal
component. This methodology may be inappropriate because the individual analysis of each component
can provide different interpretations. When responses have very high correlations (%PC;>95%), analysis
of the first principal component explains reasonably well the variability of the measurement system. When

correlations between the responses are not very high, however, it becomes necessary to analyze more
than one principal component. Indeed, the first principal component alone cannot explain the whole data

set. Therefore, we propose in this article, a method of a multivariate GR&R study using weighted principal
components. In this case, the response of the model is principal components scores weighted by their
respective eigenvalues. This proposal is based on the work of Paiva et al. (2010), who used a technique of
multi-objective optimization based on a weighting of the principal components. They used the technique
to study a process of welding with a multiple set of responses moderately correlated. Therefore, the
proposed model is given by:

WPC =p+a, +B,+(0p), +&, Vi=12..,p;j=12,...,00k=12,.,r (5)

ijk
where:

WPC =3[, (PC,)]= 4,PC, + L,PC, +...+ 1 PC, (6)
i=1

That is, the response used in model (5) is the result of a pondering of the principal components by their
eigenvalues, according to Eq. (6). The variable p is a constant and «; 8, (aB); € are independent normal
random variables with zero mean and variance, o;,0;,0.,,0,, respectively. In Johnson and Wichern
(2002), it appears that there are a variety of rules to estimating the appropriate number of non-trivial PCA
axes (PC scores) that can be taken to represent the original data set. However, due to the weighting of the
principal components by their eigenvalues, all principal components can be included in the model. The
components with eigenvalue of greater importance will, in the model, be weighted more, and whole
information will be included in the study. The components of variance in model (5) can be translated into
GR&R notation by:

A ., MSP—-MSPO

S %
or
&:i;zeafabili(v = OA-GZ = MSE (8)
52 n2 a2 MSO-MSPO MSPO - MSE
reproducititiy — O p T Oap = + )
pr r

G"f”s =G o T G’ (10)
6} =6,+0G, 1)

MSP, MSO, MSPO, and MSE are, respectively, the mean square for the factors part, operator, interaction,
and the error term. If the interaction effect is not significant, the complete model can be reduced to Eq.
(12) and its components of variance can be translated into a GR&R notation by Egs. (13)-(17).

WPC =p+a, +P,+€,Vi=12,....p; j=12,..,0,k =1,2,...,r 12)
., MSP—MSE
6= T (13)
or
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OA_rzepeamh:Iiry = 6-3 = MSE (14)
. ., MSO-MSE
rzfprnducibiliry = G/Zx (15)
pr
Cris = O ety T O reproduci (16)
G, =0, +0q 17)

The assessment index of measurement system used to compare the performance of the methods is %R&R
(repeatability and reproducibility percentage) in Eq. (18). The acceptance criterion for the measurement
system of the multivariate %R&R,, index is the same for the univariate %R&R index (Majeske, 2008; Wang
& Chien, 2010). If %R&R,, is less than 10%, the measurement system is considered acceptable. If %R&R,, is
between 10% and 30%, the measurement system is considered marginal—acceptable depending on the
application, the cost of the measurement device, the cost of repair and other factors. If, according to the
index, the measurement system exceeds 30%, then it is considered unacceptable and should be improved
(AIAG, 2010; Al-Refaie & Bata, 2010; Burdick et al., 2003; Woodall & Borror, 2008).

GMS

%R&R, = ( ]l 00% (18)

Oy

3 Simulation

The purpose of this simulation is to evaluate almost all possible situations in multivariate analysis of a
measurement system and to compare the results achieved through multivariate methods. Simulated data
will be generated for measurement systems that are unacceptable (%R&R>30%), marginal
(10%<%R&R<30%), and acceptable (%R&R<10%), as well as correlations that are very low (%PC;<65%),
low (65%<%PC;<75%), medium (75%<%PC;<85%), high (85%<%PC;<95%), and very high (%PC;>95%),
a total of 15 scenarios and 1800 simulated measurements. %PC; is the result obtained from /1,/2,1] A .

Figure 1 exemplifies two extreme cases, very high correlations (Figure 1a) and very low (Figure 1b)
between two response variables CTQ, and CTQ,. It is observed that the greater the similarity pattern of
change of factor levels (parts and operators), the greater the correlation between the characteristics. Also,
if you set very different mean values for two operators measuring the same part, the analysis of variance
indicates statistically significant differences between operators and/or interaction term (part*operator).
Figure 2 shows a flowchart that details how to obtain the simulated data. According to this flowchart, the
simulated data were generated from the information in Table 1, according to the same amount of parts
and operators in Majeske (2008), p=5, 0=2 and r=3. The data for the 15 simulated scenarios can be found
in http://www.pedro.unifei.edu.br/download/tables.rar.

This simulation study will focus only on the comparison of multivariate methods. To understand how to
calculate univariate %R&R index using ANOVA method, see AIAG (2010). The calculation of multivariate
%R&R,, index through MANOVA and PCA methods can be found in Majeske (2008) and Wang and Chien
(2010), respectively. Thus, the %R&R,, and %R&R indices were calculated to compare the multivariate
methods. For each scenario we tried to obtain close %$R&R index values for CTQ;, CTQ,, CTQ3 and CTQ,.
It is expected that the indices obtained by multivariate methods are close to those obtained by ANOVA
method. The criterion used in this work to determine if the estimated multivariate index, %R&R, is
correct is based on confidence intervals for mean calculated from data obtained by ANOVA method. The
lower (LLCI) and upper (ULCI) limits of the confidence intervals are calculated using Egs. (19) and (20):

LLCI =CTQ ~ty_y 42 (s/v) (19)
ULCI=CTQ +ty_y 45 (s/\/ﬁ) (20)

where CTQ is the mean of %$R&R between CTQ;, CTQ, CTQs and CTQy; s is the standard deviation; N is

the sample size and ¢ is the (1-a)100" percentile of a t distribution with (N-1) degrees of freedom.

N-l,a
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Figure 1: Xbar charts by operators: (a) example of a very high correlation (0.999) between the responses CTQ. and
CTQ4; (b) example of a very low correlation (0.088) between the responses CTQ, and CTQ4
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Figure 2: Detailed flowchart explaining how to obtain simulated data to a multivariate GR&R study
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Table 1: Mean vectors and variance-covariance matrices used to generate simulated data with different correlations
and measurement systems (MS)

Mean vectors

Scenarios P101 onl P301 P401 P501 Ploz PzOz PgOz P4Oz P502 Variance-covariance matrix
1 400 800 600 1000 500 410 810 590 990 490 110 127 139 1507
Verv Low corr 800 600 13.00 900 11.00 790 610 1290 910 10.90 127 1.50 1.63 1.76
Unac“c’e table Ms 9.00 1000 1300 1600 700 910 1010 1290 1590 7.10 %23 }gg %gg 5?(2)
P 700 11.00 500 1000 1500 7.10 1090 510 1010 15.10 L : ' e
5 400 800 600 1000 500 410 810 590 990 490 .10 127 139 150
Low corr 800 700 900 1200 11.00 790 690 910 1210 10.90 127 1.50 1.63 1.76
: 139 1.63 1.80 1.92
Unacceptable MS 900 1000 7.00 1300 1500 9.10 1010 690 13.10 14.90 130 188 10 1o
700 13.00 11.00 1400 17.00 7.10 13.10 11.10 13.90 16.90 L -
3 900 700 500 1200 1000 901 699 501 1201 9.99 110 127 139 1.50]
Medium corr 800 700 900 1200 11.00 799 699 901 1201 10.99 127 1.50 1.63 1.76
Unacceptable Mg, 200 1000 700 1300 1500 901 1001 699 1301 14.99 igg i-gg ig(z) é%
P 700 13.00 9.00 1700 1400 7.01 1301 899 1699 14.01 L : : e
4 600 400 800 1000 1200 601 4,01 799 999 12,01 150 158 163 1.67]
Hiah corr 300 600 900 11,00 1500 301 601 901 10,99 14,99 158 1.70 1.73 1.78
Unaccgetablé Ms 600 800 1100 1500 1300 601 801 1L10 1510 1310 }g; Hg %gg }3(3)
P 8,00 10,00 12,00 1600 14,00 7,99 10,01 12,01 16,01 14,01 L : : e
. 400 600 800 1000 1200 401 601 799 999 1201 .10 127 139 150
Verv hidh corr. 500 700 900 1100 1300 501 701 901 1099 1299 127 1.50 1.63 1.76
Unacryce ?able Mg 600 800 1000 1200 1400 601 801 999 1199 1399 %gg {?2 }gg 5%
P 800 10.00 1200 1400 1600 7.99 1001 1201 1401 15.99 L : : e
6 400 800 600 1000 500 410 810 590 990 490 (022 025 028 030]
Verv Low corr 800 600 13.00 900 11.00 790 610 1290 910 10.90 025 030 033 0.35
M;yr CaiMs 500 800 900 1400 1200 510 810 890 1390 1210 8%3 ggg 8%2 8313
9 700 13.00 500 1000 17.00 7.10 1310 510 1010 16.90 L™ : : it
; 600 800 400 1100 1000 610 810 390 1090 9.90 (022 025 028 030]
Low corr 800 700 900 1200 11.00 790 690 910 1210 10.90 025 030 033 0.35
Marginal MS 7.00 1300 1000 11.00 1500 7.0 13.10 990 1110 14.90 8%3 8-%2 8%2 g-ig
9 900 11.00 14.00 1300 17.00 910 1090 1410 1290 16.90 L™ : : el
g 900 700 500 1200 1000 901 699 501 1201 9.99 (022 025 028 030]
Medium corr 800 700 900 1200 11.00 799 699 901 1201 10.99 025 030 033 0.35
Marginal MS 900 1000 7.00 1300 1500 9.01 1001 699 13.01 14.99 8%3 8%% ggg 8-2%
9 700 13.00 9.00 1700 1400 7.01 1301 899 1699 14.01 L™ : : el
9 600 400 800 1000 12,00 601 4,01 799 999 12,01 (022 025 028 030]
High corr 300 600 900 11,00 1500 301 601 901 10,99 14,99 025 030 033 0.35
S 600 800 11,00 1500 1300 601 801 11,10 1510 13,10 028 033 036 038
Marginal MS ¢'30 10,00 1200 1600 1400 799 1001 1201 1601 1401 1030 0.35 038 0.42]
10 400 600 800 1000 1200 401 601 799 999 1201 (022 025 028 030]
Verv high cor. 300 700 900 1100 1300 501 701 901 1099 12.99 025 030 033 0.35
MZr igal Mg 600 800 1000 1200 1400 601 801 999 1199 13.99 8%3 8-%2 8%2 g-ig
9 8.00 10.00 1200 1400 1600 7.99 1001 1201 1401 15.99 L™ : : it
1 400 800 600 1000 500 410 810 590 990 490 [0.04 004 005 0.05]
Verv Low corr 800 600 1300 900 11.00 790 610 1290 910 10.90 0.04 0.05 0.05 0.06
ACCZ \able Mg 500 800 900 1400 1200 510 810 890 1390 1210 8’82 882 882 8'8?
P 700 13.00 500 1000 17.00 7.10 1310 510 1010 16.90 L™ : : s
» 600 800 400 1100 1000 601 801 399 1099 9.99 [0.04 004 005 0.05]
Low corr 700 500 9.00 1300 11.00 699 499 901 13.01 10.99 0.04 0.05 0.05 0.06
: 0.05 0.06 0.06 0.06
Acceptable Ms 7.00 13.00 1000 11.00 1500 7.01 1301 999 11.01 14.99 003 906 006 0.00
6.00 10.00 14.00 1200 17.00 601 999 1401 1201 16.99 L .
13 900 700 500 1200 1000 901 699 501 1201 9.99 [0.04 004 005 0.05]
Medium corr 800 700 900 1200 11.00 799 699 901 1201 10.99 0.04 0.05 0.05 0.06
: : 10. 7. 13. 15, 0l 1001 6. 13.01 14. 0.05 0.06 0.06 0.06
Acceptable MS 9.00 10.00 00 13.00 1500 9.01 1001 699 13.0 99 003 006 006 000
700 13.00 9.00 1700 1400 7.01 1301 899 1699 14.01 L .
14 600 400 800 1000 12,00 601 4,01 799 999 12,01 [0.04 0.04 005 0.05]
High corr 300 600 900 11,00 1500 301 601 901 10,99 14,99 0.04 0.05 0.05 0.06
: 600 800 11,00 1500 1300 601 801 11,10 1510 13,10 0.05 0.06 0.06 0.06
Acceptable MS 500 1000 1200 1600 1400 799 1001 1201 1601 14,01 005 0.06 006 0.07)
s 400 600 800 1000 1200 401 601 799 999 1201 (0.04 0.04 005 0.05]
Very high corr 500 700 9.00 11.00 1300 501 701 901 1099 12.99 0.04 0.05 0.05 0.06
: 0.05 0.06 0.06 0.06
Acceptable MS 600 800 1000 1200 1400 601 801 999 1199 13.99 003 006 006 007

8.00 10.00 1200 14.00 16.00 7.99 10.01 1201 14.01 15.99

1D232.6



Simulated Analysis for Multivariate GR&R study

Table 2 presents the results of calculations of the %R&R index as well as the mean value and the 95%
confidence interval, obtained by ANOVA method. Table 3 show the results of calculations of the mean
value, 95% confidence interval and %R&R,, index, obtained by PCA, MANOVA and WPC methods. The
analysis and comparison will be performed in two ways: intra- and inter-methods. The intra-method
analysis will provide an overview of the methods’ performance to estimate the %R&R,, index. The inter-
method analysis will seek to justify the methods’ deviations of estimates of the %R&R,, index from the
confidence intervals.

Table 2: Results for calculations of the %R&R index, mean and 95% confidence interval.

SCENARIO UNIVARIATE (%R&R) MEAN CI
S MS Correlation CTQ: CTQ. CTQ; CTQ. Mean LLCI ULCI
S1 Very Low 499 393 383 341 4042 29.69 51.14
S2 Low 42.2 55.5 443 39.8 45.44 34.42 56.47
S3 Unacceptable Medium 40.8 52.4 42.6 36.9 43.18 32.63 53.72
S4 High 453 332 41.2 47.8 41.86 31.70 52.03
S5 Very High 311 349 378 411 36.21 29.45 4297
S6 Very Low 158 141 13.7 10.2 13.48 9.75 17.21
S7 Low 18.6 27.2 213 241 22.82 16.95 28.69
S8 Marginal Medium 15.5 237 17.0 14.6 17.69 11.16 24.21
S9 High 13.2 10.3 13.6 16.9 13.50 9.19 17.80
S10 Very High 15.2 19.0 19.7 209 18.70 14.80 22.59
S11 Very Low 8.4 6.3 49 5.3 6.22 3.67 8.77
S12 Low 5.6 46 6.7 5.4 5.54 415 6.92
S13 Acceptable Medium 6.2 9.6 6.6 5.9 7.07 437 9.76
S14 High 57 45 5.9 73 5.84 4,00 7.69
S15 Very High 6.5 7.6 8.6 9.2 7.95 6.07 9.83
Table 3: Results for calculations of the mean, 95% confidence interval and %R&R.
MEAN CI MULTIVARIATE (%R&R,,)
S Mean LLCI ULCI PC, PC, PC; PC, MANOVA WPC
S1 4042 29.69 51.14 52.24 (55.8) 19.55(29.1) 15.32(14.1) 42.08 (1.0) 10.78 39.71
S2 4544 3442 5647 53.84 (70.7) 10.48 (17.5) 20.91 (8.1) 19.32 3.7) 13.30 52.84
S3 4318 32.63 53.72 47.79 (79.4) 11.21 (9.4) 17.65 (7.5) 9.64 (3.7) 11.32 47.87
S4 4186 31.70 52.03 44.38 (88.3) 8.94 (8.4) 29.62 (3.1) 75.92 (0.2) 28.15 44.03
S5 36.21 2945 4297 36.10 (99.7) 97.05(0.2) 100.00 (0.0)  100.00 (0.0) 64.09 36.11
S6 1348 975 17.21 18.46 (44.9) 6.92 (29.9) 2.79 (23.5) 3243 (1.7) 497 12.65
S7 2282 1695 28.69 2497 (66.2) 277 (17.8) 8.37 (15.9) 46.89 (0.2) 10.04 26.98
S8 1769 1116 24.21 19.71 (79.8) 6.01 (9.2) 11.78 (7.5) 7.19 (3.5) 5.40 19.86
S9 1350 9.19 17.80 14.17 (89.8) 6.01 (7.6) 9.99 (2.5) 54.07 (0.1) 14.31 14.00
S10 1870 14.80 22.59 18.63 (99.9) 93.87 (0.1) 100.00 (0.0)  100.00 (0.0) 47.23 18.63
S11 6.22 3.67 877 6.41 (45.5) 6.39(35.9) 4.59 (17.4) 15.83 (1.1) 4.08 4.10
S12 554 415 692 6.69 (67.6) 1.15 (18.3) 2.25(13.8) 5.33 (0.4) 2.01 6.89
S13 707 437 976 7.87 (79.7) 1.95 (8.9) 5.75 (7.8) 3.08 (3.6) 2.28 8.04
S14 584 400 7.69 5.99 (90.3) 3.34 (7.1) 3.96 (2.6) 33.24 (0.1) 7.22 5.91
S15 795 6.07 983 7.92 (100.0) 96.68 (0.0) 100.00 (0.0)  100.00 (0.0) 39.35 7.92

In the intra-method analysis is verified that, in the estimation of the %R&R,, index, the WPC was more
robust than the MANOVA and PCA. The MANOVA method was able to estimate the multivariate index
within the confidence interval only in scenarios S9, S11 and S14. For PCA method, Wang and Chien (2010)
evaluated the principal components that had a cumulative percentage of explanation at least 95% for the
original variables. Thus, the PCA method was capable to estimate the multivariate index within the
confidence interval only in scenarios S5, S10, S11 and S15. As seen in Table 10, WPC estimated %R&R,,
index within the confidence interval for all 15 scenarios evaluated.

For the inter-method analysis by PCA, Table 3 presents the analysis of measurement systems simulated to
the four principal components. The values in parentheses show the explanation percentage of variability
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of the CTQs for each principal component. It is recommended evaluate the scores of principal
components that represent at least 95% of cumulative variability for CTQs. Therefore, scenarios with
correlation structure:

= Very low, low and medium: PC;, PC; and PC; were analyzed;
= High: PC; and PC, were analyzed;
= Very high: only PC; was analyzed.

In S5, S10 and S15, only PC; was analyzed, the results showed that PCA was capable to estimate %R&R,,
within the confidence interval. For other scenarios, PC; was insufficient to provide a reasonable
explanation of variability of the CTQs. Thus, when other principal components were analyzed, %R&R,
index was estimated outside the confidence interval (except for S11). In short, when the correlation
structure between the CTQs requires that other principal components are analyzed, besides PC;, the PCA
method may fail (see Table 3).

For the inter-method analysis by MANOVA, Table 4 presents how the %R&R,, index was estimated for the
15 simulated scenarios. It verifies that this method was capable to estimate the multivariate index within
of the confidence interval only in S9, S11 and S14. This index was obtained by MANOVA using geometric

mean of ,/1,,/A, according to the amount of quality characteristics. This simulation study dealt with four
characteristics. Therefore, four eigenvalues of the £, and £, matrices were extracted. If the individual

relationship /4,,/4, for each pair of eigenvalues, 1, 2, 3 and 4, in 3, and ¥, provide different

interpretations, the %R&R,, index estimated by MANOVA may not represent well the performance of the
measurement system. This is due to the fact that the geometric mean provides the same degree of
importance in the analysis of each pair of eigenvalues. However, it is known that the first eigenvalues have
a greater percentage of explaining the measured phenomenon greater than the last eigenvalues.
Therefore, the need is confirmed that some form of weighting for the calculation of this index should be
used.

Table 4: %R&Rn, index for the inter-method analysis by MANOVA

Z’MSI lM.gz ZM 93 ﬁMS H ﬂ,M i /4
247-] /LT /LT ) T i=1 ﬂ :

S1 4042 29.69 5114 49.07 (61.2) 3.29(27.4) 513(10.5) 16.34(0.9) 10.78
S2 4544 3442 56.47 45.90 (74.6) 9.35(13.9) 8.32(7.7) 8.76 (3.9) 13.30
S3 43.18 3263 5372 45.97 (80.4) 5.81(10.8) 7.80 (5.2) 7.87 (3.6) 11.32
S4 4186 3170 52.03 43.30 (87.3) 52.70(8.6) 14.66(3.1) 1878 (1.1) 28.15
S5 36.21 2945 4297 37.75 (99.8) 51.77(0.2) 98.97(0.0) 92.13(0.0) 64.09
S6 1348 975 1721 15.94 (53.4) 214 (29.0) 2.40(16.3) 7.43 (1.3) 4.97
S7 2282 16.95 28.69 27.39 (67.7) 4.44(18.3) 3.37(13.9) 24.73 (0.2) 10.04
S8 1769 1116 2421 18.15 (81.2) 3.00 (11.0) 445 (4.6) 3.51(3.2) 5.40
S9 1350 919 17.80 14.50 (90.4) 14.24 (6.9) 10.03 (2.6) 20.27 (0.1) 14.31
S10 1870 1480 2259 16.92 (99.9) 56.75(0.0) 70.15(0.0) 73.86(0.0) 47.23
S11 6.22 367 877 7.27 (50.4) 280 (34.5) 221(345) 6.14(14.2) 4.08
S12 554 415 692 6.23 (71.5) 095 (15.5) 0.73(12.7) 3.80 (0.3) 201
S13 707 437 976 7.11 (81.5) 1.34(10.6) 1.69 (4.6) 1.68 (3.3) 2.28
S14 584 400 7.69 6.59 (90.8) 7.39(6.4) 4.10(2.8) 13.63(0.1) 7.22
S15 7.95 6.07 9.83 7.78 (100.0) 38.19 (0.0) 98.44(0.0) 82.04 (0.0 39.35

In the inter-method analysis by WPC, Table 3 shows that the %R&R,, index was estimated within the
confidence interval for the 15 simulated scenarios. WPC was more robust than PCA and MANOVA
because it overcame some shortcomings of these methods. For PCA, when PC; is insufficient to explain
the whole variability of CTQs, other principal components can provide evaluations for the measurement
system outside the confidence interval. MANOVA provides a general interpretation for the measurement
system, however the strategy of using geometric mean was not satisfactory. In WPC, the strategy of
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weighting the scores of principal components by their eigenvalues proved to be sufficient to correct the
shortcomings previously mentioned. Moreover, the simulation study showed that the higher correlations
between the CTQs, the closer to the mean value will be the estimates of %R&R,, using the WPC method.

4 Conclusion

This article addressed the multivariate analysis of measurement systems through studies of repeatability
and reproducibility of the measurement process. The main contribution of this paper is its proposal for a
new method for multivariate analysis of the measurement system by weighting the principal
components. To prove the efficiency of the method, simulated data were generated with different

correlation structures for measurement systems considered acceptable, marginal, and unacceptable. The
results obtained by WPC method were compared to those obtained by the multivariate methods (PCA

and MANOVA). Moreover, statistical analysis provided the following conclusions:

= PCA method may fail when correlation structure between CTQs is not considered sufficiently high
and more than the first principal component is required to be analyzed;

* MANOVA method uses geometric mean to estimate multivariate index for evaluating the
measurement system. This approach may be incorrect when the relations /4, /2, for each g pair

of eigenvalues provide significant difference for their calculations;

» Taking all situations of this simulation study into account, WPC method showed more robust than
PCA and MANOVA method. WPC was able to overcome shortcomings such as: to provide an
single assessment for all CTQs in multivariate GR&R study; to estimate the multivariate %R&R,,
index inside the confidence interval even when the correlation structure of CTQs is considered
low; and to provide a strategy of weighting that guarantee greater importance for principal
components most statistically significant to estimate the %R&R,, index.
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