2 1 Statistics Background

for Forecasting

The future ain’t what it used to be.

YOGI BERRA. New York Yankees catcher
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Faga no Minitab Time Series Notation

Varizble
Actusl
Fits

Forecasts

38 4

36 4

34

32 1

30 4

2 4 ¥ 8 10 12 14 16 18 20 22 24

FITS1 foi obtido a partir de uma equacéao (Ex.: uma eq. do segundo grau )

A previsédo (FOREL1) foi feita a partir de t=15 com os dados de 1 a 15 usando uma
determinada equacé&o.

RESI1=y-FITS1

y FITS1 | RESI1  FORE1
442 446892 -048922 399424
44,3 444462 -0,14616 391315
444 442159 0,18410 382512
434 439984 -0,59845 37.3014
42,8 43,7938 -0,99380 36,2821
44,3 43,6020 0,69804 35,1933
444 434229 | 097708 34,0350
44,8 43,2567 1,54332 32,8073
444 431033  1,29674 31,5101
43,1 42,9626 0,13737 30,1435
42,6 42,8348 -0,23481

424 4

422 4

TSnotation.mtw |

41,8 42,5282 -0,72818
40,1 424516 -2,35158
42,0 42,3878 -0,38779
424 423368 | 0,06321
431 422986 0,80139
424 422732 | 0,12677
43,1 42,2606 0,83935
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Time Series Notation |

Vi, L = 1,2,...,T
is the Time Series of T periods

Vet — 1)

Isso é apenas uma notagao

is the Forecast or Predicted value
that was made at previous periodt — 1

T

is the forecast Lead Time.
T = 1is of special interest

Ve

is the Fitted value of y;

Ex.: Uma equacao
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Forecast error / Residual

Forecast Error

70

Q(l‘):yt B yt(t' f)
Lead 1 Forecast Error

e =y, - Y(t- 1)

Residual (RESI=y-FITS)

. 4!
=Y Y

The reason for this careful distinction between forecast errors and residuals is that
models usually fit historical data better than they forecast. That is, the residuals from

a model-fitting process will almost always be smaller than the forecast errors that are
experienced when that model is used to forecast future observations.

Previséo | Pedro Paulo Balestrassi | www.pedro.unifei.edu.br 4



Time Series Notation Il

Conceito Notacao Significado

Periodo / indice de tempo t t=12,...,T

Valor observado Yy Valor real no periodo

Lead time / horizonte T Numero de periodos a frente

Valor ajustado Ut Valor estimado pelo modelo no
periodo t

Previsao Y 4 Tt Previsao feita em ¢ para o
periodot + T

Erro de previsao etirlt = Yttr — Uy 4 Tt Real menos previsao

Residuo € = Y — Uy Real menos valor ajustado

A notacao central fica:

-, = previsao de y;» usando a informacao disponivel até ¢
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Time Series Plot

2.2 GRAPHICAL DISPLAYS

2.2.1 Time Series Plots

Developing a forecasting model should always begin with graphical display and
analysis of the available data. Many of the broad general features of a time series can
be seen visually. This i1s not to say that analytical tools are not useful, because they are,
but the human eye can be a very sophisticated data analysis tool. To paraphrase the
great New York Yankees catcher Yogi Berra, “You can observe a lot just by watching.”

€ the human eye can be
sophisticated data analysis tool.
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Time Series Plot / Histogram

Time series plots

Time Series Plot Histogram
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FIGURE 2.1 Time series plot and histogram of chemical process viscosity readings.

7000

6000

Beverage Shipments, Millions of Dollars

7200

6600

o]
(=]
o
o

Beverage Shipments
e
B
o
o

Histogram of Beverage Shipments

5000
4800 |
4000
4200
3000 3600
LELELELLLSE B SO ESF 6 & 12 18 2

Frequency

FIGURE 2.2 Time series plot and histogram of beverage production shipments.

Notice that the
histograms
look very
similar even
though the
time series
behavior is
very different
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Scatter Plots

When there are two or more variables, scatter
plots can be useful:
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The scatterplot cannot establish a causal
relationship between two variables
(neither can naive statistical modeling
technigues, such as regression), but it is
useful in displaying how the variables have
varied together in the historical data set.

340 360 380

Combined Atmospheric CO, Concentrations, ppmv

(anomaly), DOE-DIAC (CO»).)

Scatter plot of temperature anomaly versus CO, concentrations. (Sources: NASA-GISS
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Variations of time series plots

Between/Within Variation- Candlestick

This type of plot is potentially more useful than a time series plot of just the closing (or
opening) prices, because it shows the volatility of the stock within a trading day.

If the opening price was higher than the closing price, the box is filled, while if the
closing price was higher than the opening price, the box is open.
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FIGURE 24 Open-high/close-low chart of whole foods market stock price. (Source:

finance.yahoo.com .)
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Moving Average 1 como suavizacao

Sometimes it is useful to overlay a smoothed version of the original data on the
original time series plot to help reveal patterns in the original data. There are several
types of data smoothers that can be employed. One of the simplest and most widely
used is the ordinary or simple moving average. A simple moving average of span N
assigns weights 1/N to the most recent N observations yr, ¥r_j, ..., ¥r-~41. and
weight zero to all other observations. If we let M7 be the moving average, then the
N-span moving average at time period T 18

YT+ ¥r—1 o YT N

Mr = = — Z v (2.3)
N N 1=T—-N~1

Clearly, as each new observation becomes available itis added into the sum from which
the moving average is computed and the oldest observation is discarded. The moving
average has less vartability than the original observations: in fact, if the variance of
an individual observation y, is a2, then the variance of the moving average is

1 N | N
VEL['(MT] = Var F\,"_ Z Vi | = — Z Vﬂ_ﬂ_\‘r} =

=T -N+1 =T —-N+1

Var(aX) = a° Var(X).
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Centered Moving Average

t Yt Yt* Yt**
1 897
2 476
2,5 o964,2
3 376 973,25
3,9 282
4 209 988,625
4.5 995,25
9) 967 999,125
9,9 603
6 929 985,75
6,9 968,95
7 407 998,125
7,9 247,75
8 371 32,5
8,9 917,25
9 884 905,125
10 407
11 310

Faca o grafico no Minitab.

Perceba uma sazonalidade trimestral
(N_Span=4).

Yt** representa the Centered Moving Average
Use Graphs ( Smoothed )

1000 A

900 -

800 -

700 4

Yt

600
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400

300 A
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Moving Average
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FIGURE 2.5 Time series plot of global mean surface air temperature anomaly, with five-period moving
average. (Source: NASA-GISS.)

The moving average exhibits less variability than found in the original series. It
also makes some features of the data easier to see; for example, it is now
more obvious that the global air temperature decreased from about 1940 until
about 1975.
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Moving Average

Plots of moving averages

45 | are also used by analysts to
_ evaluate stock price trends;
O .
2 common MA periods are 5,
= 404110, 20, 50, 100, and 200
< days.
Q
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FIGURE 2.6 Time series plot of whole foods market stock price, with 50-day moving average. (Source:

finance.yahoo.com .)

The moving average plot smoothes the day-to-day
noise and shows a generally increasing trend.
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Moving Average - Minitab

You wish to predict employment over
the next 6 months in a segment of the
metals Iindustry using data collected
over 60 months. You use the moving
average method .

Employ.mtw

IIIII
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Moving Average for Metals

Data Metals
Length 60
NMissing O

Moving Average

Length 3

Accuracy Measures

MAPE 0,890317

Moving Average

MAD 0,402299

MSD 0,255287

Forecasts

Period Forecast Lower
ol 49,2 48,2097
62 49,2 48,2097
63 49,2 48,2097
64 49,2 48,2097
65 49,2 48,2097
66 49,2 48,2097

Metals

Variable
—p— Actuzl
—m— Fis

Forecasts
—k - 9500 PI

Moving Average
Length 3

Accuracy Messures
MAPE  0,B%0317
MAD 0402293
M5l 0,255287

Upper

50,1903
50,1903
50,1903
50,1903
50,1903
50,1903

7 14 21 28 35 42 49 26 63

-

To calculate a moving average, Minitab averages
consecutive groups of observations in a series. For
example, suppose a series begins with the numbers 4,
5, 8, 9, 10 and you use the moving average length of 3.
The first two values of the moving average are missing.
The third value of the moving average is the average of
4, 5, 8; the fourth value is the average of 5, 8, 9; the
fifth value is the average of 8, 9, 10.
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Moving Average 1 Minitab Help

Centered moving average
By default, moving average values are placed at the period in which they are
calculated. For example, for a moving average length of 3, the first numeric
moving average value is placed at period 3, the next at period 4, and so on.
When you center the moving averages, they are placed at the center of the range
rather than the end of it. This is done to position the moving average values at
their central positions in time.

If the moving average length is odd:  Suppose the moving average length is
3. In that case, Minitab places the first numeric moving average value at period 2,
the next at period 3, and so on. In this case, the moving average value for the
first and last periods is missing ( *).

If the moving average length is even:  Suppose the moving average length
Is 4. The center of that range is 2.5, but you cannot place a moving average
value at period 2.5. This is how Minitab works around the problem. Calculate the
average of the first four values, call it MA1. Calculate the average of the next four
values, call it MA2. Average those two numbers (MA1 and MAZ2), and place that
value at period 3. Repeat throughout the series. In this case, the moving average
values for the first two and last two periods are missing ( *).
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16



Hanning Filter

The simple moving average is a linear data smoother, or a linear filter, because
it replaces each observation y, with a linear combination of the other data points
that are near to it in time. The weights in the linear combination are equal, so the
linear combination here is an average. Of course, unequal weights could be used. For
example, the Hanning filter is a weighted, centered moving average

M‘.H =0.25v, .1+ 0.5y, + 0.25y,_,

Julius von Hann, a 19th century Austrian meteorologist, used this filter to smooth
weather data.
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Filter Problem

An obvious disadvantage of a linear filter such as a moving average
IS that an unusual or erroneous data point or an outlier will dominate the
averages that contain that observation, contaminating the moving
averages for a length of time equal to the span of the filter.

For example, consider the sequence of observations
15,18, 13,12, 16. 14,16, 17, 18. 15, 18.200. 19, 14, 21.24. 19,25

which increases reasonably steadily from 15 to 25, except for the
unusual value 200. Any reasonable smoothed version of the data should
also increase steadily from 15to 25 and not emphasize the value
200. Now even ifthe value 200 is a legitimate observation, and not
the result of a data recording or reporting error (perhaps it should be
20!1), it is so unusual that it deserves special attention and should likely not
be analyzed along with the rest of the data.
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Running Median

Odd-span moving medians (also called running medians) are an alternative to
moving averages that are effective data smoothers when the time series may be
contaminated with unusual values or outliers. The moving median of span N is

defined as

m,

[N

] . ‘ :
= med(v, . .... Voo Vinw)

(2.5)

where N = 2u + 1. The median is the middle observation in rank order (or order of
value). The moving median of span 3 is a very popular and effective data smoother.

where

[31 _ . D
m, = H’!E’d(};_[. N Vesn)
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Running Median

This smoother would process the data three values at a time, and replace the three

original observations by their median. If we apply this smoother to the data above we
obtain

15,13, 13,14,16,17. 17,18, 18,19,19,19,21,21,24,

This smoothed data is a reasonable representation of the original data, but it conve-
niently ignores the value 200. The end values are lost when using the moving median,
and they are represented by “_".

In general, a moving median will pass monotone sequences of data unchanged. It
will follow a step function in the data, but it will eliminate a spike or more persistent
upset in the data that has duration of at most u consecutive observations. Moving
medians can be applied more than once if desired to obtain an even smoother series
of observations. For example, applying the moving median of span 3 to the smoothed

data above results in

3,13, 14,16, 17,17, 18, 18, 19,19, 19, 21, 21,
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Running Median

13,13, 14,16, 17,17, 18, 18, 19,19, 19, 21, 21,

This data 1s now as smooth as it can get; that is, repeated application of the moving
median will not change the data, apart from the end values.

If there are a lot of observations, the information loss from the missing end values
is not serious. However, if it is necessary or desirable to keep the lengths of the original
and smoothed data sets the same, a simple way to do this is to “copy on” or add back
the end values from the original data. This would result in the smoothed data:

15,18,13, 13,14, 16,17, 17,18, 18,19, 19, 19, 21, 21, 19, 25

There are also methods for smoothing the end values. Tukey [1979] is a basic reference
on this subject and contains many other clever and useful techniques for data analysis.
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Running Median

Odd-span medians can smooth data with atypical values

Viscosity, cP

90 -
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75

70 4

65 -

60 1 Variable
—8— Actual

55|~ 4 - Fits ¢
T 3 T T ] T T 1 T T i
1 10 20 30 40 50 60 70 80 90 100

Time Period

FIGURE 2.7 Viscosity readings with (a) moving average and (b) moving median.
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Viscosity, cP

Running Median

90 -

85 - '

8011The selection of a moving median over a

moving average, minimizes the impact of
751 |the invalid measurements, such as the
one at time period 70.

70 1
65 -
60 1 Variable

—&— Observation
55 -{| - - Median_span3 ¢

1 10 20 30 40 50 60 70 80 90

Time Period
(b)

FIGURE 2.7 Viscosity readings with (a) moving average and (b) moving median.
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Numerical Description: Stationary TS

A very important type of time series is a stationary time series. A time series
is said to be strictly stationary if its properties are not affected by a change in
the time origin. That is, if the joint probability distribution of the observations
Vo Vidle ooy v, 1s exactly the same as the joint probability distribution of the
observations y,4x, Visk+1. - - - » Vr4k+n then the time series is strictly stationary. When
n = ( the stationarity assumption means that the probability distribution of y; 1s the
same for all time periods and can be written as f(v). The pharmaceutical product

Bom critério:
Mesma média e variancia em diferentes intervalos da série!

=5 . S, Uma distingao importante é:
Exemplo de série aproximadamente estacionaria:

‘ Série estacionaria # ruido branco ‘

Y; = 10 + Et
Uma série pode ser estacionaria e ainda possuir forte autocorrelagdo. Por exemplo, um
com &; sendo ruido branco. processo AR(1)
Ja uma série com tendéncia, Yy = oY1+
é estacionario quando
Y: =2+ 0.5t + &
¢l < 1.

nao é estacionaria, pois sua média muda com o tempo.

Esse & um dos conceitos centrais para entender ARIMA.
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Units, in Thousands
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10200

10000 —

Stationary data:

Note that the time series seem to vary around a fixed

level. This is a characteristic of stationary time series.
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FIGURE 2.8 Pharmaceutical product sales.
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Viscosity, cP

89 -
88
87
86
85 -
84 -
83 -

82 -

81 -

Stationary data:

Pode-se usar testes de hipoteses

para saber se as propriedades de
media e variancia sao diferentes
em varios seguimentos.

I T I 1 ¥ | I i T

T
10 20 30 40 50 60 70 80 90 100
Time Period

FIGURE 2.9 Chemical process viscosity readings.
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Stationary TS

Stationary implies a type of statistical equilibrium or stability in the data. Con-
sequently, the time series has a constant mean defined in the usual way as

py = E(y) = f yf(y)dy (2.6)

0]

and constant vanance defined as

ﬂ_f = Var(y) = f (v — i, }Jf(}‘ )d v (2.7)

T
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Stationary TS

The sample mean and sample variance are used to estimate these parameters. If the
observations in the time series are y). v»..... vr then the sample mean is

I

and the sample variance is

2 ~2 ! d -2
S-=G" ?;(1';—_\"] {29)

Note that the divisor in Eq. (2.9) is T rather than the more famihiar 7 — 1. This 1s the
common convention in many time series applications, and because 7 is usually not
small, there will be little difference between using 7 instead of 7 — 1.
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Coeficiente de Correlacao

Ex.: Suponha gue o nosso desejo

seja o de quantificar a Diagrama de
associabilidade entre duas variavei 7 Disperséo
relacionadas a cinco agentes de
uma seguradora. Assim, temos: .
X1 Anos de experiéncia do agente é o
Y * Ndmero de clientes do agente =
50 —
Agente| x | vy : | | |
2 3 4 5 6
A 2| 48 Anos de
B 4] 56 Experiéncia
C 5| 64 (X, y) € um par
D 61 60 aleatorio i Dados
E gl 72 emparelhados
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r=Correlacao de Pearson

]

Série de dados
originais (X e y) séo
valores quantitativos.

]

O conjunto de pontos &
deslocado, tendo agora
como centro, os valores
medios.

r =Corr(X,Y) :%é_ Z, 2,
=1

]

A escalade x ey é agora
padronizada. Isso torna os
valores independente da
sua unidade.
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Quadrantes e Correlacao

® . @

]

—— ' r =Corr(X,Y) :}é_ Z, 2,
nie &7

. X
X
Quadrant yi — Y Ty — T (yi —y)(z:i — 7)
1 - - +
2 + — —
3 - - +
4 = + -

Previs&o | Pedro Paulo Balestrassi | www.pedro.unifei.edu.br 31



Coeficiente de Correlacao

Agente| X Yy | X-X|Y-YVY Z, Z, Z,. 2,
A 2| 48| -3 -12 -1.5 -1.5 2,25
B 41 56| -1 -4 -0.5 -0.5 0,25
C 51| 64 0 4 0 0.5 0
D 6 | 60 1 0 0.5 0 0
E 8| 72 3 12 1.5 1.5 2,25

Total | 25 | 300 0 0 0 0 4,75

=60 4,75

y
Sy e r = Correlacao (X ’Y) — — 0’95: o594
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P_value p/ Correlacao

Qo
(@]

1.
==a

N -1

n

S, S,

1.0 X - X0y -
r=Corr(X,Y)=—a z, z, L Rl Y
ni_; XY _9

8
e

18 (x - %)(vi- ¥) _Covarianca(X,Y) _ 1¢r ¢1
..y S)(&y

A correlacéo apresentada aqui e linear. Existem outros tipos de
correlacao!

Agente| x | y | Ex.: Calculo da correlacéo da tabela ao lado
A 2| 48
B 4| 56
C S| 64| Pearson correlation of Anos Exp and Clientes
D 6| 60 —
E s| 70| P-Value —— Forte Correlacao pois P-Value <0,05
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Correlacao no Minitab

Faca a analise de Correlacédo das

x| variaveis ao lado na planilha

_ Bidimensional.mtw
Variables:
¥ Z -]
+ 0;99}; ! . O Coeficiente
0,000 de Correlagao
é também
z -0,992  -0,976 chamado de
0,000 0,000 Coeficiente de
Pearson.
W -0,193  -0,273 0,082
v Display p 0,647 0,513 0,847
Cell Contents: Pearson correlation
P-Value
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Correlacao significa
Causa/Efeito?
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Stationary TS 1 Lag - Autocorrelation

[f a time series is stationary this means that the joint probability distribution of any two
observations, say, y, and y, 4, is the same for any two time periods 7 and ¢ + & that
are separated by the same interval k. Useful information about this joint distribution.
and hence about the nature of the time series, can be obtained by plotting a scatter
diagram of all of the data pairs v,. v,,; that are separated by the same interval k. The
interval k is called the lag.

Observe que a
operacao Lag produz
resultados (-1).
Na Linha 4, por
exemplo. Os valores
9, 4 e 1 representam
informacdes no
tempo t, t-1 e t-2,
respectivamente

Yt

AN A PPN OO WONRE =2 =

(8))

Yt-1

*

~N B AN OO WO R -

S

Yt-2

*

*

A BN O WO PR 2=

.\l

Yt Yt-1
Yt-1 0,051
0,881
Yt-2 -0,133 0,050
0,713 0,891

Cell Contents:
Pearson correlation
P- Value
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Uncorrelated Data

The plotted pairs of adjacent observations yt, yt+1 seem to be uncorrelated.
That is, the value of y in the current period does not provide any useful information
about the value ofy that will be observed in the next period.

10800 - . .
’ .8 ‘.
[ ]
10600 - . ., . *
— . d: * ’ . e %o,
+ * . ®e o® * .
— . e . ® AL * . . »
ﬁ 10400 - L] . .y . . e -
LH - : : .
g . . : .
- - - . ™ » L . : .
o 10200 - ¢ o0 e o« . .
s ., . . *.° . *
« . . ¢ . ®
»
10000 - . * .
L
L 3
9800 - .
9800 10000 10200 10400 10600 10800

Sales, Week t

FIGURE 2.10  Scatter diagram of pharmaceutical product sales at lag k = 1.
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Correlated Data

The pairs of adjacent observations yt+l, y, are positively
correlated. That is, a small value of y tends to be followed in

the next time period by another small value of y. and a
large value of y tends to be followed immediately by another *
large value of y.

. *
. 88+ . . .
B 871 S o .
G ¢ . . *
a 86 1 « o o "f
@ . : ee ot
E 85 «® L ‘e
l_.\ . . s. . * ..
€ 841 e T
E .i. ® " @ 9 g
9 g3- e )
c
.. ‘l il. °
L ]
82 1 o :.
81‘-| | ¥

81 82 83 84 85 86 87 88 89
Reading, Time Period t

FIGURE 2.11  Scatter diagram of chemical viscosity readings at lag k = 1.
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Autocovariance [/ Autocorrelation Parameters

The covariance between y, and its value at another time period, say, y,.; is called
the autocovariance at lag k, defined by

Ve = Cov(y,, viar) = El(y, — p)(yvisx — )} (2.10)

The collection of the values of y,, k = 0, 1, 2, ... is called the autocovariance func-
tion. Note that the autocovariance at lag k = 0 is just the variance of the time series:

that1s, yy = D’S. The autocorrelation coefficient at lag & is

E[(_‘*‘r - M }[}11 +k ,".4'.]] CDV{.“I* N ) Yi
op = S - = = (2.11)
VEIG: — P E[(yiox — p)?) — Var(y) Yo
Aproximacao
The collection of the values of o, k = 0.1.2.... 1s called the autocorrelation

function (ACF). Note that by definition p, = 1. Also. the ACF is independent of the
scale of measurement of the time series, so it is a dimensionless quantity. Furthermore,

Pr = p—: that is, the autocorrelation function is symmetric around zero, so it is only
necessary to compute the positive (or negative) half.
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Joint Probability / Finite and Infinite  Serie

Finite Time Series
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Il

Joint Probability
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Second Order Stationary / Sample ACF

If a ume series has a finite mean and autocovariance function it is said to be second-
order stationary (or weakly stationary of order 2). If. in addition. the joint probability
distribution of the observations at all times is multivariate normal. then that would be
sufficient to result in a time series that is strictly stationary.

It 1s necessary to estimate the autocovariance and autocorrelation functions
from a time series of finite length, say, v;. v>..... vy. The usual estimate of the
autocovarance function 1s

I —k
cp = _?g = vk — V). k=0.1.2..... K (2.12)

and the autocorrelation function is estimated by the sample autocorrelation function
(or sample ACF)
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Autocovariance [/ Autocorrelation

A good general rule of thumb is that at least 50 observations are required to give a
reliable estimate of the ACF, and the individual sample autocorrelations should be
calculated up to lag K. where K 1s about T/4.

Often we will need to determine if the autocorrelation coefficient at a particular
lag is zero. This can be done by comparing the sample autocorrelation coefficient at
lag k. rg, to its standard error. If we make the assumption that the true value of the
autocorrelation coefficient at lag & 1s zero (p; = 0). then the variance of the sample

autocorrelation coefficient s

and the standard error 1s

Varir,) = -
S &

(2.14)

se(ry)

5l

Essa demonstragdo, desenvlvida por

Bartllet, pode ser vista em Box & Jenkins.

Isso é utilizado em Testes de Hipdteses
(Ho:rk=0)

(2.15)
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Chemical process viscosity data

TABLE 2.1 Chemical Process Viscosity Readings

Time Time Time Time
Period Reading Period Reading Period Reading Period Readii
1 86.7418 26 87.2397 51 85.5722 76 84.70:¢
2 85.3195 27 87.5219 52 83.7935 77 83.81¢
3 84,7355 28 26.4992 53 84.3706 78 82.41°
a0
8o | Desenvolver no Minitab -
- Usar varias series
87 4
2 o6
E
g 854 . .
. Montgomery Viscosity
83-
82 4
81 : : : : : : : : : :
1 10 20 30 40 50 &0 70 80 90 100
Index
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ACF

Example 2.5

Consider the chemical process viscosity readings plotted in Figure 2.9: the values are
listed in Table 2.1.
The sample ACF at lag k = 1 is calculated as

100—-0

Co = 100 Z (Vi = V)Vigo — V)

I
= TS [(BO.7418 — 84.9153)(86.7418 — 84.9153) + - -

+(85.0572 — 84.9153)(85.0572 — 84.9153)]

= 280.9332
100—1

1 = 100 Z (Ve = V)(Vig1 — V)

!

= 1 [(B6.7418 — 84.9153)(85 3195 — 84.9153) + -
+ (87.0048 — 84.9153)(85.0572 — 84.9153)]

— 220.3137

¢, 2203137
PO A i F ¥ )
co  280.9332

A plot and listing of the sample ACFs generated by Minitab for the first 25 lags
are displayed in Figures 2.12 and 2.13, respectively. |
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ACF

Note the rate of decrease or decay in ACF values from 0. 78
to 0, followed by a sinusoidal pattern about 0. This ACF

1.0 1 pattern is typical of stationary time series. The plot of sample
0.8 - ACFs for a time series of random values with constant mean
0.6 - has a much different appearance.
P :
c
=)
=
£
<}
Q
o
S 0.
<
-0.6 - , . . , .
Série de ACF finita A Série
0.8~ temporal estacionaria
~1.0 - ]

2 4 6 g8 10 12 14 16 18 20 22 24

Lag, k
FIGURE 2.12 Sample autocorrelation function for chemical viscosity readings, with 5% significance

limits.
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Autocorrelation Function: Reading

ACF

Lag ACF T LBQ
1 0.784221 7.84 B63.36
2 0628050 4.21 104.42
3 0491587 283 129.83
4 0362880 1.94 143.82
5 0.304554 157 153.78 .
6 0.208979 1.05 158,52 LBQ sé&o valores para se
7 0.164320 0.82 161.48 .
§ 0144789 072 16380 testar hipdteses de um
_ 51 . ~ : . \
10 0.066559 0.33 165.51 nWhite Noiseo.
11 0.003949 0.02 165.51 : :
12 0077226 -038 16620  VIStOS adiante.
13 -0.051953 -0.25 166.52
14 0.020525 0.10 166.57
15 0.072784 0.36 167.21
16 0.070753 0.35 167.81
17 0.001334 0.01 167.81
18 -0.057435 -0.28 168.22
19 -0.123122 -0.60 170.13
20 -0.180546 -0.88 174.29
21 -0.162466 -0.78 177.70
22 -0.145973 -0.70 180.48
23 -0.087420 -042 181.50
24 -0.011579 -0.06 181.51
25 0.063170 0.30 182.06
FIGURE 2.13 Listing of sample autocorrelation functions for first 25 lags of chemical viscosity readings,
Minitab session window output (the definitions of T and LBQ will be given later).
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ACF

o
1

The sample ACFs appear randomly positive or negative, with
values near zero.

o
oo
1

- e e o T E——— e el A SE— . E—  E—— T T m— i — e —
- ——— ——

o o o0 9o O
Moo R oo
1 | 1 1

Autocorrelation, r,
|
o
Ju

L
o o
© o

S E—

-1.0 4

T T T T T T T T T T T T T T

2 4 6 8 10 12 14 16 18 20 22 24 26 28 30
Lag, k

FIGURE 2.14 Autocorrelation function for pharmaceutical product sales, with 5% significance limits.
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ACF

While the autocorrelation function is defined only for a
stationary time series (restrigdes no calculo da variancia)
the sample ACF can be computed for any time series, so a
logical question is: What does the sample ACF of a
nonstationary time series look like?

1.0 1
0.8 - [ e
I - ~ .
0.6 1 ] Seérie de ACF nao claramente finita
= o4+ L | A Série temporal ndo estacionaria
o .
@ 0.0 2
§ 024\
s 0.4 - . Note that this sample ACF plot behaves quite differently than the ACF
< ) ~. —_ plots in Figures 2.12 and 2.14. Instead of cutting off or tailing off near
-0.8 - 4zero after a few lags, this sample ACF is very persistent; that is,

0.8 it decays very slowly and exhibits sample autocorrelations that are
e still rather large even at long lags. This behavior is characteristic of a
-1.0 4 nonstationary time series.

|

r T I T T T T T T T - T T T

1 5 10 15 20 25 30 35 40 45 50 55 60
Lag, k

FIGURE2.15 Autocorrelation function for Whole Foods market stock price. with 5% significance limits.
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Use of Data Transformations and Adjustments

Data transformations are useful in
many aspects of statistical work, often
for stabilizing the variance of the data.
Nonconstant variance is quite
common in time series data.

Some methods of Transformation:
ABox Cox Transformation:

AJohnson Transformation.
Areo-Johnson

Métodos de Padronizacéo e Escalonamento
nao sao efetivos em se estabilizar variancias.

Box Cox

YA -1
YW:{ o A7

In(Y), A=0

A

2

1

0.5

0

—0.5

-1

Transformacdo aproximada

YZ

Y — nenhuma transformacao relevante

VY
In(Y)
1/VY

1/Y

Em Previséao, o que

normalmente queremos
melhorar € o comportamento

dos residuos!
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Data Transformations

Figure shows cyclic patterns of varying magnitudes. The variability from
about 1800 to 1830 is smaller than that from about 1830 to 1880;
other small periods of constant, but different variances can also be
identified.

o
) 5 |
T
| ==
0
E 150 E 4
5
= =
= L
Q
3 a3
é o
o
> T 2
< 3
E 50 { >
> £ 1
ﬂ | L]
. 0 S :
17001750 1800 1850 1900 1950 2006 1700 1750 1800 1850 1900 1950 2006

(a) (b)

The application of a natural logarithm transformation tends to stabilize
the variance and leaves just a few unusual values.
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Transformacao

Johnson

Yeo-Johnson

Transformations

Quando usar

Dados muito assimétricos ou

nao normais

Semelhante & Box—Cox, mas

com zeros e negativos

LoglnY Assimetria positiva, variancia
crescente
Raiz quadrada V'Y Contagens; variancia cresce com

Reciproca 1/Y

Logit In[p/(1 — p)]

arcsin-raiz arcsin /p

Rank / normal scores

a média

Assimetria positiva muito forte

Proporcdes entre O e 1

Proporcoes, abordagem classica

Quando se deseja aproximar

fortemente da normal

Observacao

Mais flexivel que Box—Cox; pode
lidar com diferentes formatos de

distribuicao

Muito util quando Y < 0

Caso particular proximo de Box—Cox

comA =0

Aproxima A = 0.5

Inverte a interpretacao da escala

Natural em regressao logistica

Hoje frequentemente substituida
por GLMs

Perde interpretacao da escala

original
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Log transformation

The log transformation is used frequently in situations
where the variability in the original time series increases
with the average level of the series. When the standard
deviation of the original series increases linearly with the
mean, the log transformation is in fact an optimal variance-
stabilizing transformation.
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Por que usar LOG em séries temporais?

O log transforma mudancas absolutas em mudangas aproximadamente percentuais

1. COMPARAGAO INTUITIVA 2. GRAFICO: ESCALA ORIGINAL vs. LOG 3. FORMULAS E INTERPRETACAO

Q Escala original r p
= N
1500 - x; = In(Y3)
10 — 20 1250 - L )
1000 - - N
- : Y: 750 - =
= +10 unidades, o Ax; = In(Yy) — In(Y—1)
mas +100% 250 1 Y,
k Y 97 T T < | T T T = ln
0 2 4 6 8 10 Y1
- N Tempo () _
Na escala original, o crescimento percentual aparece curvo. s a
1000 = 1010 ~ 0
‘ aplicarlog ! 100 - Aln(Y}) = % de mudanga |
= +10 unidades, O Escalaog e % :
mas apenas +1% . i Exemplo numérico i
. 7~ 7 | Se 100 — 105, entdo |
I |
xy . In(¥;) 6 | In(105) - In(100) = 0,0488 |
_7~_ A mesma variagdo absoluta 5 : !
@ pode significar mudancas e , , : , : | » l
I ~
= proporcionais muito diferentes. 0 2 e 4 6 8 10 ! Logo, 100 x 0,0488 ~ 4,88% i ‘
No log, crescimento percentual constante i (aprox. 5%) I
L vira tendéncia quase linear,. @~ ) \ TTTT-TT-T-m———m——mommsssssmmsmmes . =
(o) 1. Interpretagio em 2. Facilita comparar X 3. Transforma ees oo 4. Frequentemente
/o termos percentuais séries em escalas 4 crescimento S reduz
diferentes multiplicativo em aditivo ' heterocedasticidade

Em muitas aplicagdes, Aln(Y;) é interpretado como taxa de crescimento da série.



Trend and Seasonal Adjustments

In addition to transformations, there are also several types of adjustments that are
useful in time series modeling and forecasting. Two of the most widely used are trend
adjustments and seasonal adjustments. Sometimes these procedures are called trend
and seasonal decomposition.

A time series that exhibits a trend is a nonstationary time series. Modeling and
forecasting of such a time series is greatly simplified if we can eliminate the trend.
One way to do this is to fit a regression model describing the trend component to the
data and then subtracting it out of the original observations, leaving a set of residuals
that are free of trend. The trend models that are usually considered are the linear trend,
in which the mean of y; is expected to change linearly with time as in

E(y,) = By + Bt (2.17)

or as a quadratic function of time

E(v) = Bo + Bt + Bt (2.18)

or even possibly as an exponential function of time such as

E(v;) = Boe”" (2.19)

The models in Eqs. (2.17)—(2.19) are usually fit to the data by using ordinary least
squares.
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Trend Analysis

You collect employment data in a
trade business over 60 months and
wish to predict employment for the
next 12 months. You use trend
analysis and fit a trend model.

EMPLOY.MTW
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Trend Analysis

Trend Analysis Plot for Trade
Linear Trend Model
Yt = 313,99 + 1,16%t

400 ; Variable
—&— Actual
390+ —m— Fits
380 Forecasts
Accuracy Measures
370 MAPE 11,8999
MAD 6,6177

g 360 - MSD 67,4325
e
= 3504

340 -

330+

320

3104
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Trend Analysis

Trend Analysis Plot for Trade
Quadratic Trend Model
Yt = 320,76 + 0,509%t + 0,01075*%t**2

Variable
410 K —— Actual
: —a— Fits

400 o ‘ Forecasts

390 Accuracy Measures

380 - MAPE 1,7076

MAD  5,9566

5 370+ MSD 59,1305
[
= 360

3504

340 +

330+

320+

Best
Accuracy
Measures
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Trend Analysis

Example 2.6

We will show how least squares can be used to fit regression models in Chapter 3.
However, it would be useful at this point to illustrate how trend adjustment works.
Minitab can be used to perform trend adjustment. Consider the annual U.S. production
of blue and gorgonzola cheeses shown in Figure 1.4. There is clearly a positive, nearly
linear trend. The trend analysis plot in Figure 2.17 shows the original time series with
the fitted line.

Plots of the residuals from this model indicate that, in addition to an underlying
trend, there is additional structure. The normal probability plot (Figure 2.18a) and his-
togram (Figure 2.18c¢) indicate the residuals are approximately normally distributed.
However, the plots of residuals versus fitted values (Figure 2.18b) and versus obser-
vation order (Figure 2.18d) indicate nonconstant variance in the last half of the time
series. Analysis of model residuals is discussed more fully in Chapter 3. H
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Trend Analysis

There is clearly a positive nearly linear trend. The trend
analysis plot shows the original time series with the fitted

40000 -
o
30000 -
g
e
e
-E 20000 -
[
=
o
=
o
10000 -
Variable
—— Actual
- = Fits
1950 1960 1970 1980 1990 1997

FIGURE 2.17 Blue and gorgonzola cheese production, with fitted regression line. (Source: USDA-
MASS)
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Residual Analysis

ent

Plots of the
residuals from this
model indicate that,
in addition to an
underlying trend,
there is additional
structure. The normal
probability plot and
histogram indicate the
residuals are
approximately
normally distributed.

4000
Residual
(a)

8000

=BO00

6000

i
0

3000
Residual

(c)

3000

Residual

Residual

BOOO -~
'. L ]

3000 - . * .

™ . .,

I _' r——
M " [ 3 ' -
30001 o * .ot
L ]
-B0004 ] ,

10000 However, the plots of residuals
versus fitted values and versus
observation order indicate
nonconstant variance in the last
half of the time series.

GO0
A000

0
—3000
6000 {__

1

5

i0 15 20 25 30 35 40 45
Observation Order

(d)

FIGURE 2.18 Residual plots for simple linear regression model of blue and gorgonzola cheese production.
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Backshift / Backward

1) Operador Backshift (B)

Série original: Y; (quadratica)

difference

Aplicagao do backshift
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80 =Y,
O operador backshift desloca a série 64 Bl = Ve 25 49
um periodo para tras. 60 - 49 1/44—-—-3""1.6”.—“"
40 By e - L =T
BYy =¥, 4 g 16 36
20 1 4 B%Y, =Y,_, 1 i 9 16 25
k
Emgera: BYY, = Y,_ 0 - . : : : ; . - o——'—‘ﬂ
| e Bt ) i 3 3 2 5 & 9 = e , N—
t 2 3 4 5 6 7 8
t
2) Operador Backward Difference (V) Primeira diferengca: VY, =Y, - Y, , Segunda diferenca: V2Y, =Y, - 2Y, , + Y,
O operador difference calcula a 0 5
diferenca entre o valor atual e o valor 15
do periodo anterior. 10 2 2 2 2 2 2
o — o — o — 0o —9
VY[ = Yt_ T Yt—l 0+--—---——
Como BY, = Y,_4, entdo 2 - -
V=1-B 0 g
e VY, = (1 - B)Y, 2 3 4 5 6 7 8
t
" Intuigéo com um exemplo Primeira diferenca: VY, (linear crescente) Segunda diferenga: V2Y; (constante)
Considere a série abaixo, que tem tendéncia 22 3 B §
quadratica crescente. g N ) ) 2 2 5 5
O O T o T 2 40 | - . e e o o
Y, | 1| 4|9 1625|3649 ] 64 2 S
* A primeira diferenca resulta em uma série linear . 5 6 7 8 =&
crescente. 1 2 3 4 5 6 7 8
+ A segunda diferenca resulta em uma série t
constante. You Y, In(3%)  Variagio % (aprox) Resumo das relagdes
Relagdo entre logaritmo e diferenca ! gt L 150,62 i BZ,‘ =
4 9 0,8109 81,09% « B¥Y, =Y,
Se X, =In(Y,), entéo: ' o 9 16 05754 57,54% «V=1-B
Y, SSO corresponde a taxa de crescimento logaritmica VY. =Y, - Y_
VX, =X,- X1 =In(Y,) - In(Y,_,) = ln( : ) (aproximadamente a variagdo percentual). 15 2 04163 44,63% . Vz}" o ;/ 2'},] Y,
Yoo 25 36 0,3646 36,46% e = Xp=aXeq + Yeg
36 49 0,3102 31,02% * De T°d° geral: ’
49 64 02677 2,77% Ve (1= D)
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Backshift Operador - B

Another approach to removing trend is by differencing the data; that is, applying
the difference operator to the original time series to obtain a new time series. say.

Yt
xt

=V = V-1 = Vi, v {

(2.20)

where V is the (backward) difference operator. Another way to write the differencing

operation is in terms of a backshift operator B, defined as By, = v,_, so

* x, = (1 - B)_""‘: — v}'r = ¥ = ¥

(2.21)

with V = (1 — B). Differencing can be performed successively if necessary until the

trend is removed; for example, the second difference 1s

X = ?Z}u =V(Vy)= (1l - B}E}‘; = (1l —-2B + BE]®= Y — 2y 4 v—2 | (2.22)
*yt
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Backshift Operador / Backward difference

In general, powers of the backshift operator and the backward difference operator are
defined as

f.. .
B° Ve = Vo

vcf:“ o B}cf

Differencing has two advantages relative to fitting a trend model to the data. First.
it does not require estimation of any parameters. so it i1s a more parsimonious (i.e..
simpler) approach; and second, model fitting assumes that the trend is iixed through-
out the ume series history and will remain so in the (at least immediate) future. In
other words, the trend component, once estimated. is assumed to be deterministic.
Differencing can allow the trend component to change through time. The first dif-
ference accounts for a trend that impacts the change in the mean of the time series.
the second difference accounts for changes in the slope of the time series. and so
forth. Usually, one or two differences are all that is required in practice to remove an
underlying trend in the data.
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Exemplo: Modelo ARMA(3,3)
Ye=61Yt-1 + 62Vt—2 + 03YVe—3 + 0161 + 028, 5 + Oz 3 + €

Yt — 01YVt—1 — 02Yt—2 — 03Yt—3 = O1€,_1 + 0265 + 03613 + €,
1.y, — 6.By; — 5,B?y, — 63B3y, = 1.e; + 0,Be; + 0,B%e; + 05;B3¢;
(1—8,B — 8,B2 — 83B%)y, = (1 + 6,B + 0,B% + 05B3) e,

Q(B)y: = 0(B)e;

Ex.: Nomemclatura ARIMA

A seasonal ARIMA(1,1,1)(1,1,1)4, where m = 4 for quarterly data:
(1-¢B) (1-®B") (1-B) (1-BYy, = (1+6,B) (1+60,B)e.

Non-seasonal Non-seasonal Non-seasonal
AR(1) difference MA(1)

Seasonal Seasonal Seasonal
AR(1) difference MA(1)
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Backward difference

Example 2.7 |Fa¢a no Minitab (Trend Gorgonzola.mtw). Use <Diferences> e <Trend Analysis>

Reconsider the blue and gorgonzola cheese production data. A ditference of one
applied to this time series removes the increasing trend (Figure 2.19) and also improves
the appearance of the residuals plotted versus fitted value and observation order
(Figure 2.20). This illustrates that differencing may be a very good alternative to
detrending a time series by using a regression model. |
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Backward difference

A difference of one applied to this time series removes the increasing trend and also improves
the appearance of the residuals plotted versus fitted value and observation order. This
illustrates that differencing may be a very good alternative to detrending a time series by

using a regression

model

5000 -
4000
3000

1

2000

FProduction, d
(=
|

e

—4000 -
1

|

‘ Variable “
—e— Actual
- == Fits
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FIGURE 2.19 Blue and gorgonzola cheese production. with one difference. (Yource: USDA-NASS))
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Backward difference

Differencing is used to simplify the correlation structure
and to help reveal any underlying pattern.

59 =h 5000 .
& »
L 3 -
5 901 . — 2500 L [ ]
= g . * T
8 ot : - T 0w taite ® o o - ’
a ! E - -e
o L v . ® .
1ol *f 25001 o ¢« s 0 .

. ‘! E -
= - ~ ~5000 . -
-5000 2500 o 2600 5000 730 740 750 760

Residual Fitted Value
(a) (b)
1

12
> —
€ o —
g k=
g ° d
LL @ ]

a T -

0 L 1 5000 *

—4000  -2000 1] 2000
Residual

(c}

4000 1T 5 10 15 20 25 30 35 40 45

Observation Order
(d)

FIGURE 2.20 Residual plots for one difference of blue and gorgonzola cheese production.
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Seasonal difference

Seasonal, or both trend and seasonal, components are present in many time se-
ries. Differencing can also be used to eliminate seasonality. Define a lag—d seasonal
difference operator as

Vay, = (1 - B = Ne — Viu (2.24)

For example, if we had monthly data with an annual season (a very common sit-
uation), we would likely use 4 = 12, so the seasonally differenced data would
be

Viay, = (1 — B”}}'f =¥ — ¥z

When both trend and seasonal components are simultaneously present, we can se-
quentially difference to eliminate these effects. That is, first seasonally difference
to remove the seasonal component and then difference one or more times using the
regular difference operator to remove the trend.
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Seasonal difference

Example 2.8 |Faca no Minitab (Differences Shipment.mtw). Use <Differences> e <Trend Analysis>

The beverage shipment data shown in Figure 2.2 appears to have a strong monthly
pattern—January consistently has the lowest shipments in a year while the peak
shipments are in May and June. There is also an overall increasing trend from year
to year that appears to be the same regardless of month.
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Seasonald =12

Seasonal difference
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The seasonal differencing removes the monthly pattern (lag 12)
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Seasonald =12 withTrendd = 1

Seasonal difference

200- The second difference of one removes the
overall increasing trend
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FIGURE 2.21 Time series plots of seasonal- and rend-differenced beverage data.
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Seasonal difference

Examination of the residual plots does not reveal any problems

with the linear trend model fit to the differenced data.
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FIGURE 2.22 Residual plots for linear trend model of differenced beverage shipments.,
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Seasonal difference 1T Ex 2.8
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Spectral Analysis

Regression models can also be used to eliminate seasonal (or trend and seasonal
components) from time series data. A simple but useful model is

Isso néo_ existe 2 27
automaticamente no | [ F(y,) = By + B sin —1 + B> cos —1 (2.25)
Minitab. d d

where d 1s the period (or length) of the season and 27/d is expressed in radians. For
example, 1f we had monthly data and an annual season, then d = 12. This model

describes a simple, symmetric seasonal pattern that repeats every twelve periods. The
model is actually a sine wave.
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Spectral Analysis

27 2
E(y;) = By + B sin —d—r + B2 cos —1

d To see this, recall that a sine wave with amplitude S,

Deducao

phase angle or origin 6, and peniod or cycle length w can be written as

E(y,) = Bsinw(t + 6) (2.26)

Equation (2.25) was obtained by writing Eq. (2.26) as a sine—cosine pair using the
trigonometric identity sin(u + v) = cosu sin v + sin u cos v and adding an intercept
term Bo:

E(y,) = Bsinw(t + 6)
= B cos wh sinwt + B sin wb cos wt

= B sinwt + B3 cos wt

where ) = pcoswl and > = B sinwh. Setting w = 2:1/12 and adding the intercept
term By produces Eq. (2.25). This model i1s very flexible: for example. it we set
w = 2m /52 we can model a yearly seasonal pattern that is observed weekly. if we
set w = 2w /4 we can model a yearly seasonal pattern observed quarterly. and if
we set w = 2w /13 we can model an annual seasonal pattern observed in thirteen
four-week periods instead of the usual months.
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Spectral Analysis

27 2
E(y;) = By + B sin —C{—r + B> cos FI

T

Equation (2.25) incorporates a single sine wave at the fundamental frequency
w = 2m /12. In general, we could add harmonics of the fundamental frequency to the
model in order to model more complex seasonal patterns. For example, a very general
model for monthly data and an annual season that uses the fundamental frequency

and the first three harmonics is No Statistica / Matlab

use a Fast Fourier
) Transform para obter

os coeficientes do
modelo!
Isso envolve Analise

Especral
If the data are observed in thirteen four-week periods. the model would be

2 j 21j
E(v,) —ﬂg—i-Z(ﬁj sin —er+fj‘4 j €os —]——ir

21 j 27j
E(\,)—ﬁ{}-{";(ﬁj sin Tf+ﬁ4*} COS 13 .f) (2.28)
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Fast Fourier Transform

E(H)= 2+
3*SIN(2*(3,14)*t/12) +
4*COS(2*(3,14)*t/4)+

5*SIN(2*(3,14)*t/9)
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Additive and Multiplicative Model

There is also a “classical” approach to decomposition of a time series into trends and
seasonal components (actually, there are a lot of different decomposition algorithms:
here we explain a very simple but useful approach). The general mathematical model
for this decomposition is

N = f(S:- Tr~ Er)

where S, is the seasonal component, 7; is the trend effect (sometimes called the trend-
cycle effect), and ¢,1s the random error component. There are usually two forms for
the function f; an additive model

vw=8+T1 +¢

and a multiplicative model

N = $:T,¢,
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Additive and Multiplicative Model

Crystal Ball Predictor
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