31T Regression Analysis

and Forecasting
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Y=f(X)

[ Regression.
Questionamentos comuns; & Serer! Rearession-

£ Stepwise...
AComo implementar a e
equacao Y=f(X) a partir de ¥ Nenlinear Regression..
dados historicos ou ¥ Orthogonal Regression..
expenmentajsf) 4 Partial Least Squares...

|t Binary Logistic Regression...
Acomo fazer preVisaeS a |~o Ordinal Logistic Regression...

partir dOS dadOS hlSté”COS ou |4 Nominal Logistic Regression...

experimentais?
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Regression: Names

Regression analysis is a statistical technique for modeling and investigating the re-
lationships between an outcome or response variable and one or more predictor or
regressor variables. The end result of a regression analysis study is often to generate
a model that can be used to forecast or predict future values of the response variable
given specified values of the predictor variables.

YA

Linha de Regressao

A variavel X é dita variavel

independente (ou exogena)

enquanto Y ¢é dita variavel
— dependentéou endbdgena)

Alternative namesfor X: Covariates regressors factors carriers, predictors O
nomeindependent@araX, apesaide muito utilizado € o pior pois asvariaveissao
raramentendependentes
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Types of Regression

Type of Regression

Conditions

Univariate
Multivanate

Simple
Multiple

Linear

Nonlinear

Analysis of Variance

Analysis of Covariance

Logistic

Only one quantitative response variable
Two or more quantitative response variables

Only one predictor variable
Two or more predictor variables

All parameters enter the equation linearly, possibly
after transformation of the data

The relationship between the response and some of
the predictors is nonlinear or some of the parameters
appear nonlinearly, but no transformation 1s possible
to make the parameters appear linearly

All predictors are qualitative variables

Some predictors are quantitative variables and others
are qualitative variables

The response variable is qualitative
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Types of Regression

Linear Simples (Um X)

Curvilinear (Dois ou mais Xs)

Multipla (Dois ou mais Xs)

Variaveis Indicativas
(para Xs Discretos)

Xa
O
6 O Xp
X %
X X
"
X X,x XC
|
JL
Xj

% yes

Curvilinea (Um X)

Logistica (Ys Discretos)
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Simple Linear Regression

The simple linear regression model involves a single predictor variable and is
written as

y=pfo+Pix+e (3.1)

where y is the response, x is the predictor variable, By and f,are unknown parameters,
and £ is an error term. The model parameters or regression coefficients g, and f,
have a physical interpretation as the intercept and slope of a straight line, respectively.
The slope 8, measures the change in the mean of the response variable y for a unit
change in the predictor variable x. These parameters are typically unknown and must
be estimated from a sample of data. The error term ¢ accounts for deviations of
the actual data from the straight line specified by the model equation. We usually
think of £ as a statistical error, so we define it as a random variable and will make
some assumptions about its distribution. For example, we typically assume that &
is normally distributed with mean zero and variance a2, abbreviated N(0, o). Note
that the variance is assumed constant; that is, it does not depend on the value of the
predictor variable (or any other variable).
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Multiple Linear Regression

Regression models often include more than one predictor or regressor variable. If
there are k predictors, the multiple linear regression model is

v=H8+Bi+ B+ -+ Bixi + ¢ (3.2)

The parameters By, 8. ..., B in this model are often called partial regression coef-
ficients because they convey information about the effect on y of the predictor that
they multiply given that all of the other predictors in the model do not change.
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~

Linear x Nonlinear
Y =080+51X1+¢ Modelo Linear

Y = By +e” %1t e Modelo nédo Linear

= Bo+ B X + X’ +¢,
— ﬁﬂ+5llnX "Jr‘E,

= Bo+ 51 X1+ FoXo + ¢,
= [+ i Xy + &,

Modelo Lineares corassociacamao linear

Linearizacao dos modelos anteriores

O termoLinear esta relacionado com a forma de
entrada dos coeficientes na equacao
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Cross-Section x Time Series

A All the data on the response and the
predictors are collected at the same time

I Time Is not a factor
I Cross-section data

vi=fo+Bixag+fxioa+o+ P teE. 1=1.2..... n

A The data on the response and the
predictors are time series

vi=pothixag+pxp++fhixate. =12, !
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Cross-Section Data

TABLE 3.1 Cross-Section Data for Multiple Linear Regression

Observation Response, y X X2 X
l Vi X1 X12 X1k
2 )2 X21 X22 X2k
n Vn Xn1 Xn2 Xnk
Variaveis qualitativas devem ser codificadas Se as variaveis sao apenas
para computacdo (dummy or indicator qualitativas a técnica de
variables) analise € a ANOVA.
Se algumas variaveis preditoras sao ANOVA e ANCOVA sao
qualitativas e outras quantitativas, a técnica de casos especiais de
analise € a ANCOVA Regresao
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Curva de
Residuos£)

T

Residuos

X X2 X3

y:

‘{JE:

a + bx

a+bx

Uma
importante
condicao para
0 uso de
regressao
simples é que
os residuos
(£) sejam
independentes
de x.Porgue?
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Least Square

minS;, & = minSy, (y; - ﬁ)'

minS,(y, -

P

Xi

X

- a- bx )
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Least Square

S
$£= a+bx

e

minS’, &* = minS{;l(yi - ‘lﬁ)

La
- Zén (Yi - a-
- Za i=1 |(y|

=minS",(y. -

L eI—Oe— 6
a.—l mal

bx ) = 0
a- bx) =0

- a- bx )
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Least Square: Ufa

Pa _1yi =na+ ba.—1>ﬂ
[a _1>W. aaq , _1>§ +b3 | = X

_ éin:l(xi B )_()Yi _ Sxy

2
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Least Square: Exemplo

EX.. Obter a equacdoda reta (chamadade reta dos minimos
guadradosparaos seguintepontosexperimentais

Tracara retano diagramade dispersaoCalcularo coeficientede
correlacadineatr

Qualo valor previstoparax=9?
QualaToleranciade X para0.5<Y<1.5?
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Least Square: By Hand

2 2

X, ¥ oy X ¥;
1 0,5 0,5 1 0,23
2 0,6 1,2 4 0,36
3 0,9 2.7 9 0,81
4 0.8 3.2 16 0,64
5 1,2 6,0 25 1,44
6 1,5 9.0 36 2,25
7 1,7 11,9 49 2.89
8 2,0 16,0 64 4,00
36 9.2 50,3 204 12,64
3609,2
SXy =505- =505-414=91
(36)°
S, =204- ——=204- 162=42
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Least Square: By Hand

S, =90,5- 36?’2 =505- 414=91

(36)° _

204- 162=42

S, =204-

Sy 91
Xy — ’ ,217,
S, 42 @

XX

a=Yy- bx @% - 0’217C§§ =1150- 0,976=0174

b

e

= 0174+ 0,217
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Least Square: By Hand

¥¥=0174+0,217x
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Least Square: By Hand

9.2)°

S, =12,64- =12,64- 10,58=2,06)

Sy _ 91
\/ oS, 142Q,06

@D,98

Relembre Correlacao!

Colinearidade: Um problema quando variaveis preditoras sao
altamente correlacionadas.

Autocorrelacao: Quando a correlacao é calculada em um
mesmo conjunto de dados considerando lags.

19
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Minitab Regression

The regression edquation is
T o= 0,175 + 0,217 X

Predictor Coef SE Coef T P A<Stat><Regression> <Fitted Line Plot>
Constant 0,17500 0,09454 1,85 0,114
i 0,Z1667 0,01872 11,57 0,000 Response (Y)=Y
g = 00,1213 B-Sq = 95,7% R-Sqiadj] = 95,0% Mredictor(X)=X
Analyzis of VWariance A\/Iarque Linear
Source DF 5k Juls F P
Regreasion 1 1,9717 1,9717 153,92 0,000
Residual Error 5 0,0883 0,0147 X Y
Total 7 2, 0600 Ho: modelo nao é bom 1 0.5
_ _ 2 06
Unusual Obzervations Portanto rejeita-seHo
Obsz ¥ ¥ Fit SE Fit  Residual St Resid 3 03
4 4,00 0,8000 1,0417 0,0433 —0,2417 ~2,14R 4 0,3
a 1,2
FE denotes an obserwation with a large standardized residual 5 15
Predicted Valuezs for New Obserwvations 7 1.7
g 20
New Obs Fic SE Fit 9L,0% CI 95,0% PI
1 z,1250 0,0045 { 1,8936: 2,3564) [ 1,7485: 2,5015)
Values of Predictors for New Obserwations T
MNew 0Obs x P P
revisao
1 9,00
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Fitted Line Plot: Linear

Linear

Fitted Line Plot
Y= 0,1750 + 0,2167 X

2,00

1,75 -

1,50 1

1,25 -

1,00 1

0,75

0,50 -

R-quadrado € a
porcentagem da variagao
explicada pelo seu modelo.

R-quadrado (ajustado) € a
porcentagem da variagcao
explicada pelo seu modelo,
ajustada para o numero de
termos em seu modelo e 0
ndimero de pontos de dados.

O fivabopara a
regressao € para ver se o
modelo de regressao inteiro
é significativo.

0 H,: O modelo permite

significativamente
prever a resposta.

Previséo | Pedro Paulo Balestrassi | www.pedro.unifei.edu.br

21



Fitted Line Plot: Quadratic

Quadratico

Fitted Line Plot
Y= 0,4071 + 0,07738 X
+ 0,01548 X** 2

2,00 -

1,754

1,50 -

1,25 A

1,00 -

0,75 -

0,50 A

S
R-Sq
R-Sq(adj)

0,0980767
97, 7%
96,7%

Response (Y)=Y
MPredictor(X)=X
MAarque Quadratic

AStat><Regression> <Fitted Line Plot>
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Fitted Line Plot: Cubic

Cubico

Fitted Line Plot
Y= 0,4571 + 0,0254 X
+ 0,02911 X**2 - 0,001010 X**3

2,00 +

1,75 -

1,50 1

1,25 -

1,00 -

0,75 -

0,50 -

S 0,108960
R-Sq 97,7%
R-Sq(adj) 96,0%

AcStat><Regression> <Fitted Line Plot>
AResponse (Y)=Y
Aredictor(X)=X
Avarque Cubic

2 3 4 5 6 7 8
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Intervalos de confianca e de previsao

2,5

2,0 -

1,54

1,0 1

0,5

AcStat><Regression> <Fitted Line Plot>
AResponse (Y)=Y
Mredictor(X)=X

MAarque Linear

A<Options> Marque os Display Options

0,0 +

Uma faixa (ou intervalo) de
confianca € uma medida da
certeza da forma da linha
de regressao ajustada. Em
geral, uma faixa de 95%
implica em uma chance de
95% de que as linha
verdadeira fique dentro da
faixa. [Linhas vermelhas]

Uma faixa (ou intervalo) de
previsdo é uma medida da
certeza da disperséo dos
pontos individuais em torno
da linha de regressao. Em
geral, 95% dos pontos
individuais (da populagcao
em gue a linha de
regressao se baseia)
estarao contidos dentro da
faixa. [Linhas azuis]
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Analise de Residuos

Bom Ruim
. Residual Residual .
Residuals vs % eug : Nos casos ruins tente
23308l 1 ¥ ye. - uma transformacéo
Each X sl !hl: : _ ﬁ G
. 1 S - em X.em Y ou
x i x ambos. UsBoxCox
Time Plot of Re%‘d“a'i‘ Transformation
Residuals : - .
_j .aﬁé‘*- Considere a
" e B S o possibilidade da
Residuals vs ime order Time Order existéncia de
. Resiqual s Resjdual - variaveis ocultas que
Predicted Y 1a® oo S°° - ~
. 1% ~ nao foram
(Fits) i R =] _
> T, - sy consideradas no
T T oedty ¢ ora v ™ modelo (Lurking)
Eorglalljl_l_ o) S s | T _ .+ | EntendaqueXe Y nio
roba _' ity Plot . precisam ser normalmente
of Residuals 2] distribuidos. Os residuos,
IREENESE AT A T contudo, deveriam ser.
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Least Squares

n n
L = ZEE =Z(}’i — Bo — Bixit — PaXiz — -+ - — BrXix)’
) ) N (3.6)
Equacéo de Erros Quadraticos
=Y (,\’i — Po — Zﬁjxij)
i=l j=I
This function is to be minimized with respect to fo, pi, ..., Bx. Therefore the least
squares estimators, say, Bo, B, ..., ﬁk, must satisfy
oL n k
— = -2 Vi—Bo— ) Bjxij|=0 (3.7)
IBo | gy.p1 ... ; ( ; Minimizagao de Erros
and
dL i S S
d_ =—2Z: _\’i—ﬁg—Zﬂjl}j )C,‘j=0. ]=l 2,000, k
ﬁ-’ BosBi s Br i=l j=I
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Least Squares Normal Equations

nBo + B Zl‘f1+32 Z-fz‘z'l' o+ B Z-ﬂ'k = Z Vi (3.9)
i—1 i—] i—1 i—]

i 1 1 i n
go Z-X‘n-l-ﬁl Z-rﬁ -I-ﬁz Z-k‘fz-i‘n-l-- R }ék Zl‘:‘k-k‘n = Z ViXil
i=1 i=1 i=1 i=1 i=1
: (3.10)

il ¥l Ft 1 Il

o~ el Eal -~ ")

Bo E Xik+P1 E Xi1Xik + B2 E XiaXik+ -+ Pk E X = E ViXik
i=1 i=1 =l i=1 =l

Com apenas x1 existem duas eqs.
Com x1 e x2 existem trés eqgs.

These equations are called thast squares normal equationd\ote that

there are = k+1 normal equations, one for each of the unknown regression
coefficients.
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Matrix formulation

y=Xp+e (3.11)
where : :
X is usually called the model matrix,
Vi Ioxpp Xppeer Xk Bo €
V2 I X1 Xop-ee X Bi €2
y= , X= , B=1] . 1], and e=
. Yn _ _l Xnl Xn2°' Xnk _ | !8}'6 _ . En _

The vector of least squares estimators minimizes

L=) & =¢e=(y—-XB)(y—XB)

i=l

E possivel fazer uma analise de regressido sem um profundo entendimento de algebra ir
Em artigos cientificos, contudo, tal notacao simplifica e € recomendada.

Um otimo livro sobre isso:

Matrix Algebraas a Tool (Hadil996)
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Matrix formulation
L=yy-pXy-yXp+pXXp=yy—-28Xy+pXXp

because B'X'y is a (1 x 1) matrix, or a scalar, and its transpose (3'X'y)’ = y'X is the
same scalar. The least squares estimators must satisfy

L ’ ’ 3
— = -2X'y+2XX)B=0
ap 8

which simplifies to
X'X)B =Xy (3.12)

In Eq. (3.12) X'X is a (p x p) symmetric matrix and X'y is a (px 1) column vector.
Equation (3.12) is just the matrix form of the least squares normal equations. It is
identical to Eq. (3.10). To solve the normal equations, multiply both sides of Eq.
(3.12) by the inverse of X'X (we assume that this inverse exists). Thus the least
squares estimator of B is

B =XX)"'Xy (3.13)
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Matrix formulation

The fitted values of the response variable from the regression model are computed
from

§=X§p (3.14)
or in scalar notation,
9 = Bo+ Bixi + Baxin+ -+ Prxik, i=1,2,....n (3.15)

The difference between the actual observation y; and the corresponding fitted value
is the residual ¢; = y; — §;,i = 1,2,..., n. The n residuals can be written as an
(n x 1) vector denoted by

e=y—§=y—Xp (3.16)
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Matrix formulation

In addition to estimating the regression coefficients S, By, ..., Bk, itis also neces-
sary to estimate the variance of the model errors, o2. The estimator of this parameter
involves the sum of squares of the residuals

SSe = (y — XB)'(y — XB)

We can show that E(SSg) = (n — 1))02, so the estimator of o2 is the residual or mean
square error

2 SSE
62 = (3.17)
n—p

The method of least squares is not the only way to estimate the parameters in a
linear regression model, but it is widely used, and it results in estimates of the model
parameters that have nice properties. If the model is correct (it has the right form and
includes all of the relevant predictors), the least squares estimator B is an unbiased
estimator of the model parameters f3; that is,

The variances and covariances of the estimators 3 are contained ina (p x p) covari-
ance matrix

var (B) = o 2(X'X)~! (3.18)

The variances of the regression coefficients are on the main diagonal of this matrix
and the covariances are on the off-diagonals.
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Matrix formulation: Resumo

(4)

(2) [V (1 Xy Xppeee X [ Bo | K

_ V2 I x21 x22-++ X2 p €2
y_Xl3+E y = ._ X = ! ¢ B: .1 , and &= .
(1) : : | :

| Vn _ _l Xnl Xn2°° Xnk | ﬁk _ _8n _
(3) n | 3L A
L=Y & ==¢e=(y—Xp)(y—Xp) | ="2Xy+2XX)p =0
i=l Bl

G)
B — (X/X)— 1 X;y

(8) SSE

3

0" =

H"f’]

6) . _.
(X'X)p =Xy

OF = xp

ERER

7 . ;
( )SSE =(y — Xp)(y - XB)

(10)
[

y—-y=y—Xp

Fat

Var(B) = o 2(X'X) "

(12)
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Matrix formulation: Resumo

1.Modelode Regressadinear;

2. Termos da Equacao de Regresséao Linear,
3. Equacéo de Erros Quadraticos;

4. Minimizacao de Erros;

5. Coeficientes Estimados do Modelo;

6. Equacao Normal de Erros;

7.Soma dos Quadrados dos Residuos;

8. Variancia dos Residuos;

9. Equacéao Estimada de Regressao;
10.Vetor de erros;

11BLUE (Best Linear Unbiased Estimator);
12 Varianciados Coeficiente€stimados
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Minitab Example

A h OS p Ital IS I m p | e m e ntl n g a p rog ram tc TABLE 3.2 Patient Satisfaction Survey Data

Improve quality and productivity. As par ovenaio

of this program, the hospital is
attempting to measure and evaluate
patient satisfaction.

Table 3.2 contains some of the data the
has been collected for a random sampl
of 25 recently discharged patients. The
"severity" variable is an index that
measures the severity of the patient's
liness, measured on an increasing scal
(i.e., more severe illnesses have higher
values of the index), and the response
satisfaction is also measured on an
Increasing scale, with larger values
iIndicating greater satisfaction.

Age (xy) Severity (x;) Satisfaction (y)
1 55 50 08
2 46 24 77
3 30 46 96
4 35 48 80
5 59 58 43
6 61 60 44
7 74 65 26
8 38 42 88
9 27 42 75
10 51 50 57
11 53 38 56
12 41 30 88
13 37 31 88
14 24 34 102
15 42 30 88
16 50 48 70
17 58 61 52
18 60 71 43
19 62 62 46
20 68 38 56
21 70 41 59
22 79 66 26
23 63 31 52
24 39 42 83
25 49 40 75
See
Regressiopag/79.mtw
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Example: By Hand

I 55 50 68
1 46 24 77
I 30 46 96
1 35 48 80
I 59 58 43
I 61 60 44
1 74 65 26
1 38 42 88
| 27 42 75
I 51 50 57
1 53 38 56
1 41 30 88

X=|1 37 31/, y=| 88
| 24 34 102
1 42 30 88
I 50 48 70
I 58 6l 52
1 60 71 43
| 62 62 46
I 68 38 56
1 70 41 59
1 79 66 26
1 63 31 52
| 39 42 83

|1 49 40 | 75 |
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Example: By Hand

The X'X matrix and the X'y vector are

1 55 507]
] | R | | 46 24 25 1271 1148
XX=1|55 46 --.- 49 , , |l =11271 69881 60814
50 24 ... 40 : : : 1148 60814 56790
149 40
and
e
1 | I 77 1638
Xy=|[55 46 ... 49 | = | 76487
50 24 -.. 40 : 70426
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Example: By Hand

Using Eq. (3.13), we can find the least squares estimates of the parameters in the
regression model as

B

_(XIX)—ery
725 1271 1148 7' | 1638
1271 69881 60814 76487
| 1148 60814 56790 70426

0.699946097 —0.006128086 —0.007586982 1638
—0.006128086 0.00026383  —0.000158646 76487

| —0.007586982 —0.0001%646\0.000 40866 | | 70426
[ 143.4720118
—1.031053414 Cn C

22

| —0.55603781

Therefore the regression model is

y =143.472 — 1.031x; — 0.556x>

where x| = patient age and x, = severity of illness, and we have reported the regres-
sion coefficients to three decimal places. |
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Minitab Result

Regression Analysis: y versus x1; x2

The regression equation 1is
y =143 - 1,03 x1 - 0,556 x2

y=PFo+ pixi + paxa+¢€

Predictor Coef SE Coef ¥ =)

Constant 143.472 5,955 24,09 0,000 :

x1 -1,0311 0,1156 -8.92 0.000 Modelo Reduzido
x2 -0.5560 0.1314 -4.23 0.000

S =7,11767 R-5q = 89,7% R-Sg(adj) = 88,7%

Analysis of Variance

Source DF SS MS F P
Regression 2 9663,7 4831,8 95,38 0,000
Residual Error 22 1114,5 50,7

Total 24 10778,2

Source DF Seq S5
x1 1 8756,7
x2 1 907,0

Unusual Observations

Obs x1 y Fit SE Fit Residual St Resid
9 27,0 75,00 92,28 2,90 -17,28 -2,66R

R denotes an observation with a large standardized residual.
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Trend Adjustment

Vi=po+pit+e, t=172,...

T
TBO"‘ﬂ] +1) Z

~ T(T+1) , T(T+ l)(2T—|—l) T
p + B Z

OT 1

. 22T + 1) <& T
ﬁO_T(T—l)Z T(T—I)Zh'

=

1
12 T T
— ta ’
' T(T3—l);" T(T—l)z"

=1

=

, T

Normal
equations

Aqui
substitui-se
n por T nas

equacoes
3.9 e 3.10.
k=1

This how
Minitab does
its trend
adjustment
procedure,
ilustrated in
Chapter 2
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Trend Adjustment

(1)150+31;Xfl‘l'ﬁz;xfz-l-”--l-ﬁk;xm=;y5 Tﬁ§0_|_)§lT(T+l) =XT:'\,’, (2)

2
t=I
L T(T+1) , T(T+1DHQRT+1) XT:
= Iv;

502%‘14’51Zx,?1+5zzxi2xf1+'--+3kzxka51=Z}75X51 Po 5 + B 6
i=1 i=1 i=1 i=1 i=1

s 22T+ 1) & 6 . (3)
Bo szk-l-ﬁl Z-le-xzk + 1822)512)5115"' -+ Br thk = Zy:-xzk Po = ?('(T i_l)) Z.\’r TTT-nl Zf}’r

2 1)2”’ T(T— 1)22‘r

&

(4.?-’r=ﬁo+ﬁlf+8. r=1,2,..., T
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Trend Adjustment: Minitab Example

Trade

Trend Analysis Plot for Trade
Linear Trend Model
Yt = 313,99 + 1,16*t

400 -
390 -
380 -
370 -
360 -
350 -
340 -
330 -
320 -

310 -

Employ.mtw

Variable
—@— Actual
—B— Fits

Accuracy Measures
MAPE 1,8999
MAD 6,6177
MSD 67,4325

|
12 18 24 30 36 42 48 54 60
Index
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Statistical Inference in Linear Regression

¢ NID(0,5°)

k
v, : NID(B,+ > B,x,;07)
j=1

In linear regression problems, certain procedures of tests of hypotheses about the
model parameters and confidence interval estimates of these parameters are helpful
in measuring the usefulness of the model. These procedures require that the errors in
the model are normally and independently distributed with mean zero and variance
constant abbreviated NID (or IID). As a result of this assumption, the observations vyi
are normally and independently distributed with mean given by the linear model and

variance as a constant.

42

Previséo | Pedro Paulo Balestrassi | www.pedro.unifei.edu.br



Regression: ANOVA Table

Ho:Br=fr=-=p =0
H, : atleastone 8; # 0

The test procedure involves an analysis of variance partitioning of the total sum of
squaresnto a sum of squares due to the model (or to regression) and a
sum of squares due to residual (or error), say,

n

381 = Z(.“f — ¥ ‘ 551 = S5r + 55¢

{=
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Statistical Inference in Regression:
ANOVA

~ SSp/k
 SSg/(n — p)

Fo

TABLE 3.4 Analysis of Variance for Testing Significance of Regression

Source of Degrees of
Variation Sum of Squares Freedom Mean Square Test Statistic, Fy
. SSr SSr/k
Regression SSk k — Fy =
k SSe/(n — p)
, SSg
Residual (error) SSE n—p
n—p
Total SST n—1

Alternatively, we could use thevalue
Ver ANOVA / Within Between approach to hypothesis testing and thus

reject the null hypothesis if theRlue for the
statisticF is less tham.
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ANOVA: Computing Formulas

n
=\2 / =2
55t = E (Yi—¥) =yy—ny
i=l The regression equation 1s
Al _5 y = 143 - 1,03 x1 - 0,556 x2
SSg = B X'y — ny-
A/ Predictor Coef 5SE Coef T P
— / Constant 143,472 5,955 24,09 0,000
SSg = YY— B X x1 1,0311 0,1156 -8.92 0,000
x2 -0,5560 0,1314 -4,23 0,000

S =7,11767 R-5q = 89,7% R-Sq(adj) = 88,7%

B =p=0
HI . atleastone f; #0

Analysis of Variance

Source DF S5 MS 3 =
Regression 2 9663,7 4831,8 95,38 0,000
Residual Error 22 1114,5 50,7
Total 24 10778,2
Q663. 7/2 485 1.8 (Minitab reports Pvalues that are less than 0.001 as 0.000).
0 — 1114.5/22 — 50.7 = 95.38 The actual RPvalue is approximately 0, so there is strong
/ S evidence to reject the null hypothesis and we conclude that e

patient age or severity are useful predictors for patient
satisfaction.
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R2: Computing Formulas

oSSR SSE ., SSx  9663.7
SSt SSt SST 107738.2

The regression equation 1is
y =143 - 1,03 x1 - 0,556 x2

Predictor Coef SE Coef T -
Constant 143,472 5,955 24,09 0,000
x1 -1,0311 0,1156¢ -8,92 0,000
x2 -0,5560 0,1314 -4,23 0,000

S = 7,11767 R-Sq = 89,7% R-Sq(adj) = 88,7%

The statistidR?is a measure of the amount of reduction in the variabilityadftained by using
the predictor variables x. . in the model. It is a measure of how well the regression model
the data sample. However, a large valuR4does not necessarily imply that the regression
model is a good one. Adding a variable to the model will never cause a decri@aswém in
situations where the additional variable is not statistically significant. In almost all cases, w
variable is added to the regression martahcreases. As a result, over reliance3ras a

measure of model adequacy often resul@verfitting: that is, putting too many predictors in
the model.
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R2(Adj): Computing Formulas

The regression equation 1is ~ 1
y = 143 - 1,03 x1 - 0,556 x2 R2 . — SSe/(n — p)

."\ i - L T ¢

o SSt/(n — 1)

Predictor Coef SE Coef T -
Constant 143,472 5,955 24,09 0,000 1114.5/(25 — 3)
x1 -1,0311 0,1156 -8,92 0,000 gt s ' ‘
X2 -0,5560 0,1314 -4,23 0,000 10778.2/(25 — 1)
S = 7,11767 R-Sq = 89,7% R-Sq(adj) = 88,7% = (0.887

In general, the adjustdRf statistic will not always increase as variables are
added to the model. In fact, if unnecessagressorare added, the value of
the adjustedR? statistic will often decrease. Consequently, models with a
large value of the adjust&? statistic are usually considered good regression
models.

Both R2andR?(adj) are very similar, usually a good sign that the regression
model does not contain unnecessary predictor varidbB=ems reasonable

to conclude that the regression model involving patient age and severity
accounts for between about 88% and 90% of the variability in the patient
satisfaction data.
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Tests on Individual Regression Coefficients

These tests would be useful in determining the value or contribution of eac
predictor variable in the regression model. For example, the model might b
more effective with the inclusion of additional variables or perhaps with the
deletion of one or more of the variables already in the model.

The hypotheses for testing the significance of any individual regression
coefficientare:

Hy: ;=0
H| ﬂj?‘:(]
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Tests on Individual Regression Coefficients
The test statistic for this hypothesis Is

where C;; is the diagonal element of the (X'X)™'matrix corresponding to the re-
gression coefficient ﬁ}- (in numbering the elements of the matrix C = (X'X)" it is
necessary to number the first row and column as zero so that the first diagonal element
Coo will correspond to the subscript number on the intercept). The null hypothesis
Hy @ B; = O1s rejected 1f the absolute value of the test statistic [fo] > 42, . Where
fas2.n—p 18 the upper a/2 percentage point of the ¢ distribution with n — p degrees of
freedom. Table A.3 in Appendix A contains these upper tail points of the ¢ distribu-
tion. A P-value approach could also be used. This 7-test is really a partial or marginal
test because the regression coefficient A ; depends on all the other regressor variables
x; {1 # J) that are in the model.
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Tests on Individual Regression Coefficients

The regression equation is

y=143 - 1,03x1 - 0,556 x2

Predictor Coef SE Coef T P
Constant 143,472 5,955 24,09 0,000

x1 -1,0311 0,1156 - 8,92 0,000
X2 -0,5560 0,1314 -4,23 0,000
S=7,11767 R -Sq =89,7% R -Sqg(adj )=88,7%
Analysis of Variance

Source DF SS MS F P
Regression 2 9663,7 4831,8 95,38 0,000
Residual Error 22 1114,5 50,7

Total 24 10778,2

Hy: B =
1P #0

S

B, = —1.0311

se(B)) = V62Cy; = /(50.7)(0.00026383) = 0.1157

CfL —1.0311

se(ﬂl) 0.1157

Ip =

—8.9118

Often manual calculations will differ
slightly from those reported by the
computer, because the computer cat
more decimal places.
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Tests on Groups of Coefficients
Extra Sum of Squares

Sera que um modelo mais completo
como o abaixo melhora o ajuste?

= Bo + Bix| + Paxa + Biax Xz + Biixy + B + &

Y=XPB+e=Xp, +X:B, + ¢

Inclui os termos x1sq, x2sq,
_ ../ X1x2

B = Bl 2 Reduced Model (Inclui os

B2~ termos bo+b1x1+b2x2)

Previs&o | Pedro Paulo Balestrassi | www.pedro.unifei.edu.br 51



Tests on Groups of Coefficients
Full Model | Reduced Model

Yy=XiB, +XoB, + ¢ y=2X:B.+¢
SSx(B) = B'X'y SSr(B>) = B, X2y
(p degrees of freedom) (p — r degrees of freedom)

SSR(B(|B) = SSR(B) — SSk(B) = B'X'y — B,X 2y

_ SSr(By1B2)/r

’ G- n—p
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Tests on Groups of Coefficients

y = Bo+ Bixi + Baxa + Braxixa + Buxi + Baxy +e

The regression equation is

y=128 - 0,995 x1 + 0,144 x2 + 0,0065 x1x2
0,00283 x1sq - 0,0114 x2sq

Predictor Coef SE Coef T P
Constant 127,53 27,91 4,57 0,000

x1 -0,9952 0,7021 -1,42 0,173
X2 0,1441 10,9227 0,16 0,878

X1x2 0,00646 0,01655 0,39 0,701

x1sq - 0,002830 0,008588 -0,33 0,745
X2sq -0,01137 0,01353 -0,84 0,411

S=750264 R -Sq =90,1% R -Sqg(adj)=87,5%

Analysis of Variance

Source DF SS MS F P

Regression 5 9708,7 1941,7 34,50 0,000
Residual Error 19 1069,5 56,3

Total 24 10778,2

Hyo:po=p1=p2=0
. at least one of the parameters B>, B, or B2 # 0

Corresponde a B1

SSr(B) = 9708.7 SSR(BQ) = 0663.7

(de Reduced )

SSR(BB2) = SSr(B) — SSr(B>)
= 9708.7 — 9663.7

=450
SSr(B,1B.)/r F, € muito
Fo = 52 pequeno. Os
| 45.0/3 teJ_m_OS |
= 07 ﬁégnonals
= 0.296 melhoram o
modelo
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Tests on Groups of Coefficients

The regression equation is

y=128 - 0,995x1 +0,144 x2 + 0,0065 x1x2 It is also interesting to compare tReSq

0,00283 x1sq - 0,0114 x2sq . o
andR- Sq( adj ) statistics for the two
Predictor Coef SE Coef T P models.
Constant 127,53 27,91 4,57 0,000
x1 -0,9952 0,7021 -1,42 0,173 -
o 01441 09227 016 0.878 From the reduced model, we find that
x1x2 ~ 0,00646 0,01655 0,39 0,701 R- Sg=0.897
x1sq -0,002830 0,008588 - 0,33 0,745 . ) =
x2sq -0,01137 0,01353 -0,84 0,411 andR- Sq(adj ) = 0.887

for the original twevariable
$=750264  R-Sq =90,1% R -Sq(adj)=87,5% Model.

From full model, we find that
R- Sg=0.901
Source DF SS MS F P andR_ Sq( adj ): 0_885

Regression 5 9708,7 1941,7 34,50 0,000
Residual Error 19 1069,5 56,3

Analysis of Variance

Total 24 10778,2

Adding the quadratic terms caused the ordif&r$$q to increase slightly (it will never
decrease when additional predictors are inserted into the model). ButShéadj ) statistic
decreased. This decrease infe&q( adj ) is an indication that the additional variables did
not contribute to the explanatory power of the model.
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Confidence Intervals on Individual Coefficients

-~

ﬁj T I&*;’Q.n—pSe(ﬁj) = ﬁj =< ﬁj + rr:r,f'ln-—p-?e{‘ﬁj)

The regression equation is —
y=143 - 1,03xl - 0,556 x2 Minitab gera o Standard Error

mas nao gera
automaticamente o IC.

Predictor Coef SE Coef T P Calcule o valor de t
ClonStant 143,4;%3151’9%51526'509 0’0008 0 0.000 considerando a/2=0,025 e
X S ! s ! -P=~25H-3= = -

X2 -0,5560 0,1314 - 4,23 0,000 N-p=25-3=22 A =-2,07387

—1.0311 — (2.074)(0.1156) < B, < —1.0311 +(2.074)(0.1156)
—1.2709 < B, < —-0.7913

e

This confidence interval does not include zero; this is equivalent to rejecting (at the 0.{
level of significance) the null hypothesis that the regression coefficient is equal to O.
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Confidence Intervals on the Mean Response

Predicted Values for New Observations
New Obs Fit SEFit 95% CI 95% PI

1 58,96 1,51 (55,84; 62,09) (43,87; 74,05)
Values of Predictors for New Observations

New Obs x1 X2
1 55,0 50,0

Xp =

— p—

X0

Um ponto qualquer
dentro do limite das
variaveis

| YOk

V(Xo) = Ly, = X0 3 Var [¥(x¢)] = o x0(X'X) ' x,

. ——— /
SEFit |V Var [#(x0)] = /&2x,(X'X)" ',

A ' pal ’ ’ —1 - > '(Ir'\ rg g |
¥(Xo) — ra/:..-,_p\/ofxl_}(x X)7'X) < fyx, < VX0) F e 20 py XXX T X

58.96 — 2.074(1.51) < ptyx, < 58.96 + 2.074(1.51)

55.83 < pypx, < 62.09
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Confidence Intervals on the Mean Response

. "'—‘-.—_._-‘---‘" :r | N
SE Fit \/Varlﬁ‘(xml = v’&%h(X‘X}_'xn

; i’
A [ A , ’ —I ] A -~ 4 . IR L |
Y(X0) = tejan py O X0(X'K) X < pyx, S VX0) F e 20 py T X0(X'X)T X

Note that the standard errors for each observation are
different. This reflects the fact that the length of the ClI
the mean response depends on the location of the

observation. Generally, the standard error increases a
the distance of the point from the center of the predictt

variable data increases.

57
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Prediction of New Observations

Predicted Values for New Observations

New Obs Fit SEFit 95% CI 95% PI

1 32,78 2,79 (26,99; 38,57) (16,93; 48,64) . X0
0= .

Values of Predictors for New Observations ok

New Obs x1 X2
1 75,0 60,0

¥(xg) = xpB
Var [ y(Xg) — #(Xo)] = Var[y(xp)] + Var [§(x0)] = 0~ + a2 x6(X'X) ™' %o

o2 [1+x60X'%) "o

pl-r - ¥(Xg) — ¥(Xo)
a/2.n-p =
/62 [1+ x6XX) " x0]

= tu_.-'ln—p =] -«
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Prediction of New Observations

The Pl formula looks very similar to

, _ the formula for the Cl on the mean.
New Obs Fit SE Fit 95% CI 95% Pl . .
The difference | ¢

1 32,78 2,79 (26,99; 38,57) (16,93; 48,64)
variance of the prediction error undet
the square root. This will make a Pl
longer than the corresponding CI at
New Obs x1 x2 .
1 750 600 the same point.

Predicted Values for New Observations

Values of Predictors for New Observations

y(xp) — ra/?.,n—p\/&z [T+ x0(X’X) "'x0] < y(x0)

< y(Xp) + tcrj‘z.n—p\/&z [1+ xH(X'X) 'x0]

It is reasonable that the Pl should be longer, as the Cl is an interval estimate on the mean
response distribution at a specific point, while the Pl is an interval estimate on a single fut
observation from the response distribution at that point. There should be more variability
associated with an individual observation than with an estimate of the mean, and this is re
in the additional length of the PI.
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Residual plots

;i =v, —vi. t=1,2.....n

1. Normal probabillity plots
2. Plot of residuals versus the fitted values

3. Plots of residuals in time order (if known and applicable)

Residual plotsare the primary approach to model adequacy checking

To check the assumption of constant variance, plot the residuals versus the fitte
values from the model. If the constant variance assumption is satisfied, this plot
should exhibit a random scatter of residuals around zero. Problems with

the equal variance assumption usually show uppadtarn on this plot. The most
common pattern is an outwaogening funnel or megaphone pattern. indicating
that the variance of the observations is increasing as the mean increases. Data
transformations are useful in stabilizing the variance.
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N F o-inrone" plot

Melhor: Standardized Residuals!

Normal Probability Plot of the Residuals

99
L]
90 -
[
O 50
5 4
o
10 {
[ ]
14 ! ! ! !
—20 —10 0 10 20
Residual
Histogram of the Residuals
Histograms are
more useful for
large samples of
data
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FIGURE 3.1 Plots of residuals for the patient satisfaction model.
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Standardized Residuals

d,

Q|

where we generally use the standard deviation as a function of
MSE in the computation. The standardized residuals have meai
zero and approximately unit variance; consequently. they are us
In looking for outliers. Most of the standardized residuals shoulc
In the interval3<d.<+3, and any observation with a standardized

residual outside this interval is potentially unusual with respect t
Its observed response.
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Studentized Residuals

In some data sets, residuals may have standard deviations that differ greatly
now present a scalina that takes this into account.

The n x n matrix H = X(X'X) 'X’ is usually called the “hat” matrix because it
maps the vector of observed values into a vector of fitted values. The hat matrix and
its properties play a central role in regression analysis.

The residuals from the fitted model may be conveniently written in matrix notation
as

e=y—y

y—Hy={-H)y (3.49)

and the covariance matrix of the residuals 1s

Cov(e) = V [(T — H)y] = ¢*(I — H)

The matrix I — H is in general not diagonal, so the residuals from a linear regression
model have different variances and are correlated. The variance of the ith residual is

Vie) = oX(1 — h;) wherehii is theith diagonal
element of the hat matriA.
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Studentized Residuals

We recommend taking this inequality of variance into account when scaling the
residuals. We suggest plotting the studentized residuals:

€

Fi = —_—
\/(_}:(] - hn)

(3.51)

with 6° = MSg instead of the ordinary residuals or the standardized residuals.

Standardized anstudentizedesiduals often convey equivalent
iInformation.
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Residuals

TABLE 3.6 Residuals and Other Diagnostics for the Regression Model for the Patient
Satisfaction Data in Example 3.1

Deleted T Resid

Uym Leverage
‘00k’S

tudentized =
Observation @ Residuals @ h,, [istance
e . —EED R o :

1 9.0378 1.29925 1.32107 04855 0.026424

p. —5.6986 —~(0.88216 —(0.87754 0176299 0.055521

3 9.0373 1.38135 1.41222 0.155114 0.116772

! 1S a1nang —0.10166 0.118125 0000483

¢ —1.08440) 0.076032 0.031999

ry = —().46491] 0.089420 0.007337

a1l —hy)

9.0378

Note that Minitab refers to
studentizedesiduals as
standardized residuals.

7.117671 — 0.04

1.2992

4855

Large values of the studentized
residuals are usually an indication
of potential unusual | values or
outliers in the data.
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Residuals

TABLE 3.6 Residuals and Other Diagnostics for the Regression Model for the Patient
Satisfaction Data in Example 3.1 Deleted T Residuals Hi Leverage
: S

tudentized
Observation @ Residuals R-Student h,,

S —— o T3
] 9.0378 1.29928§ 1.32107 04855 0.026424
2 —5.6986 —0.88216 —0.87754 0.176299 0.055521
3 9.0373 1.38135 1.41222 0.155114 0.116772
4 —().6953 —0.10403 —0.10166 0.118125 00004583
3 —7.3897 - 1.08009 —1.08440 0.076032 0.031999
6 3.2155 047342 —(.46491 (0.089420 0.007337

The largesstudentizedesidual -2.65767, is associated with observation 9.
Minitab flags this observation as a lagjadentizedesidual (refer to Table

3.3), and it does show up on the normal probability plot of residuals in Figur
3.1 as a very mild outlier, but there is no indication of a significant problem
with this observation.
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PRESS

PRESS |ldéia de Bootstraping

Another very useful residual scaling can b based on the prediction error sum of
squares or PRESS. To calculate PRESS, we select an observation—for example, i.
We fit the regression model to thejremaining n — | pbservations and use this equation
to predict the withheld observation y;. Denoting this predicted value by ¥,,, we may
now find the prediction error for the ith observation as

eiy = ¥i — Vi (3.52)

The prediction error is often called the ith PRESS residual. Note that the prediction
error for the /th observation differs from the ith residual because observation i was not
used in calculating the ith prediction value v;,. This procedure is repeated for each
observationt = 1,2, ..., n, producing a set of n PRESS residuals ey, €21, .. ., €.
Then the PRESS statistic is defined as the sum of squares of the n PRESS residuals
or

PRESS = ) "ef, = ) [y — Ju)’ (3.53)
=1

|

Previséo | Pedro Paulo Balestrassi | www.pedro.unifei.edu.br

67



PRESS

Thus PRESS is a form of data splitting (discussed in Chapter 2), since 1t uses cach
possible subset of n — | observations as an estimation data set, and every observation
in turn is used to form a prediction data set. Generally, small values of PRESS imply
that the regression model will be useful in predicting new observations. To get an idea
about how well the model will predict new data, we can calculate an R*-like statistic
called the R® for prediction

- PRESS
Rf"mdhtiun =1- _SS‘]‘ B (3.54)
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PRESS

PRESS is easily calculated as

n

PRESS = Z

(1

k]

ey
I _hil

(3.56)

Minitab will calculate the PRESS statistic for a regression model and the K- for
prediction based on PRESS from Eq. (3.54). The value of PRESS is PRESS = 1484.93

and the R* for prediction is

Ver prediction error sum of
squares or PRESS no Minitab

02 _, PRESS
Predwtion SS‘[
~ . 1484.93
10778.2
= (0.8622

That is, this model would be expected to account for about 86.22% of the vanability

in new data.
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R-Student

R-Student |Deleted t Residuals no Minitab

The studentized residual r; discussed earlier is often considered an outlier diagnostic.
It is customary to use the mean squared error MSg as an estimate of o = in computing
r;. This is referred to as internal scaling of the residual because MSg is an internally
generated estimate of o * obtained from fitting the model to all n observations. Another
approach would be to use an estimate of o * based on a data set with the ith observation
removed. We denote the estimate of o so obtained by S, . We can show that

. (n — pIMSg — Ffj(l — h;)

S;'” = l35?]

n—p-=1

The estimate of o~ in Eq. (3.57) is used instead of MSg to produce an externally
studentized residual, usually called R-student, given by

€,
Minitab will compute the R | 1, = 1 (3.58)
student residuals (Minitab ,/S;,-,(l hi)
calls these the deletéd

residuals).
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Measures of Leverage and Influence

In building regression models, we occasionally find that a small subset of the
data exerts a disproportionate influence on the fitted model. That is, estimate
of the model parameters or predictions may depend more on the influential

subset than on the majority of the data.

The hat matrix H = X(X'X) ' X’ is very useful in identifying influential observa-
tions. As noted earlier, H determines the variances and covariances of the predicted
response and the residuals because

Var(y) = o’H and Var(e) = o*(1 — H)

The elements h;; of the hat matrix H may be interpreted as the amount of leverage
exerted by the observation y; on the predicted value ¥;. Thus inspection of the elements
of H can reveal points that are potentially influential by virtue of their location in
x-space.

Attention is usually focused on the diagonal elements of the hat matnx h;;. It
can be shown that X::, h;;, = rank(H) = rank(X) = p. so the average size of the
diagonal elements of the H matrix is p/n. A widely used rough guideline is to compare
the diagonal elements h;;to twice their average value 2p/n, and if any hat diagonal
exceeds this value to consider that observation as a high-leverage point.
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Measures of Leverage and Influence

Minitab will calculate and save the values of the hat diagonals. Table 3.6 displays
the hat diagonals for the regression model for the patient satisfaction data in Exam-
ple 3.1. Since there are p = 3 parameters in the model and n = 25 observations,
twice the average size of a hat diagonal for this problem is

2p/n =2(3)/25 =0.24 [0,21 < 2x0,24

The largest hat diagonal, 0.212456, 1s associated with observation 23. This does
hot exceed twice the average size of a hat diagonal, so therc are no high-leverage
observations in these data.
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Measures of Leverage and Influence

The hat diagonals will identify points that are potentially influential due to their
location in x-space. It is desirable to consider both the location of the point and the
response variable in measuring influence. Cook {1977, 1979] has suggested using a
measure of the squared distance between the least squares estimate based on all n
points 3 and the estimate obtained by deleting the ith point, say. B,,,. This distance
measure can be expressed as

D = {ﬁ o ﬁ“r]'x’x(ﬁ - é’m" ;
| pMSg -

I
g

..n (3.59)

A reasonable cutoff for D; is unity. That is, we usually consider observations for
which D, > 1 to be influential. Cook’s distance statistic D, is actually calculated
from

o rVarlool i b
" p Var(e) pl—Ah,

(3.60)
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CookEs Distance

Minitab will calculate and save the values of Cook’s distance statistic ;. Table
3.6 displays the values of Cook’s distance statistic for the regression model for the
patient satisfaction data in Example 3.1. The largest value, 0.467041, is associated
with observation 9. This value was calculated from Eq. (3.60) as follows:

D, — ﬁ hii
P | — f?;‘;‘
(—2.65767)>  0.165533
- 3 ] —0.165533
= 0.467041

This does not exceed twice the cutoff of unity. $o
there are no influential observations in these data.
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Variable Selection Methods

A Selectingthefibest 0 subset oddfager ed i
of candidate predictors

A All possible regressions

A Stepwise-type selection methods | Backward eIiminatioﬁ
The definition of Abesto i s n

Forward selecti0|\1

This can be a complex problem, as these data sets frequently have oultliers,
strong correlations between subsets of the variables, and other complicating
features. There are several techniques that have been developed for sglectin
the best subset regression model. Generally, these methods are either
stepwisetype variable selection methods alt possible regressions.

In all possible regressions wikhcandidate predictor variables, the analyst examine
all 2 «possible regression equations to identify the ones with potential to be a use
model. Obviously, aK becomes even moderately large, the number of possible
regression models quickly becomes formidably large.
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Variable Selection Methods: Example

TABLE 3.7 Expanded Patient Satisfaction Data

Observation Age Severity Surgical-Medical Anxiety Satisfaction
I 55 50 0 2.1 68
2 46 24 1 2.8 77
3 30 46 1 3.3 96
4 35 48 | 4.5 80
5 59 58 0 2.0 43
6 0l 60 0 5.1 44
7 74 65 1 5.5 26
8 38 42 1 3.2 88
9 27 42 0 3.1 75

10 51 50 1 2.4 57
11 53 38 I 2.2 56
12 41 30 0 2.1 88
13 37 31 0 1.9 88
14 24 34 0 3.1 102
15 42 30 0 3.0 88
16 50 48 I 4.2 70
17 58 61 I 4.6 52
18 60 71 I 53 43
19 62 62 0 7.2 46
20 68 38 0 7.8 56
21 70 41 1 7.0 59
22 79 66 I 6.2 26
23 63 31 I 4.1 52
24 39 42 0 3.5 83
25 49 40 1 2.1 75

Regression pgl21
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Forward Selection

Stepwise Regression: Satisfaction Versus Age, Severity, ...

Forward selection. Alpha-to-Enter: 0.25

Response is Satisfaction on 4 predictors, with N = 25

>
Step 1 2 3
Constant 131.1 143.5 143.9
Age -1.29 -1.03 1.11
T-Value -9.98 -8.92 8.40
P-Value 0.000 0.000 pP.00O
Severity -0.56 |-0.58
T-Value -4.23 |-4.43
P-Value 0.000 .000
Anxiety 1.3
T-Value .23
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Backward el

Response 1is

Step

Constant

A'J
T-Value
P-Value

Severity
=

Value
P-Value

Surg-Med
T-Value

P-Value

Anxiety
T-Value

P-Value

R~-Sq
R-Sgl(ad))

imination.

Backward Elimination

Sartisfaction on

1'3v /1

~1.12 -1.1 -

-8.08 -8 4“

0.000 0.0Q0 O.
.59

" o p,

0.4

0.14
0.892

1.3 1.3
121 1.23
0.242 0.233

e 4 | 7.04
90.36 90.35 8
B8R .43 88 .97 8

4 predic

45\:\\\
1.03
-8.92

|
000 '
|
f

Todd

9.66
8.72

Alpha-to-Remove:

cors,

M 1
. .

W l ¢ }1 H - 2

<

2

Note that in this
example, the forwarc
selection procedure
produced a different
model than the
backward elimination
procedure. This
happens fairly often,
so it is usually a good
Idea to investigate
different model
building techniques
for a problem.
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Stepwise Regression

TABLE 3.10 Minitab Stepwise Regression Applied to the Patient Satisfaction Data

Stepwise Regression: Satisfaction Versus Age, Severity, ...

Alpha-to-Enter: 0.15 Alpha-to-Remove: 0.15

Response is Satisfaction on 4 predictors, with N = 25

Step 1 2
Constant 131.1 143.5
Age -1.29 -1.03
T-Value -9.98 -8.92
P-Value 0.000 0.000
Severity -0.56
T-Value -4 .23
P-Value 0.000
S 9.38 7.12
R-Sqg 81.24 89.66
R-Sg(adj) 80.43 88.72
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Best Subsets Regression

Best Subsets Regression: Satisfaction Versus Age, Severity, ...

Response 1s Satisfaction

S S
e u A
V r n
e g X
r - 1
A 1Me
Mallows gtet
Vars R-Sgqg R-Sg(adj) C-p S ey dy
1 81.2 80.4 17.9 9.3752 X
1 52.3 50.2 78.0 14.955 X
2 89.7 88,7 2.5 7.1177 X X
2 81.3 79.6 19.7 9.5626 X X
3 90.4 89.0 3.0 7.0371 X X X
3 89.7 88.2 4.5 7.2846 X X X
4 90.4 88.4 5.0 7.2074 X X X X

The MallowsC, statistic, is
a measure of the amount
bias and variance in the
model. If a model is
specified incorrectly and
Important predictors are le
out, then the predicted
values are biased and the

value of theCp statistic

will exceedp, the number
of model parameters.
However, a correctly
specified regression mode
will have no bias and the
value ofC, should equap.
Generally, models with
small values of the,
statistic are desirable.

)

f
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Aplicacao

Determine a funcao de transferéncia entre o Numero de Setur
e o0 Tempo de Ciclo para diversas operacdoes em uma certa
empresa. Use a planillegicletime.mtw

Faca a analise de Residuos.

Qual a previsao do Tempo de Ciclo para uma operacao que
consiste em 10 Setups de equipamento?

A equacao final € adequada? Se né&o for, como melidra
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Regressao Curvilinea

Um laboratdrio esta fazendo testes

em adesivos em funcao da
temperatura. Quando a

temperatura aumenta a forca do
contato entre duas superficies
aumenta Em um determinado
ponto, contudo a forca desse
contato comeca a diminuir em
funcao de propriedades térmicas

do adesivo. Qual o modelo

empirico da forca (Seal Strength!
em funcao da temperatura?

Seal Strength

2050

2000

1950

1900

o’

200

250

300
Temperature

350

400

Curve.mtw
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Calculator [ x|

C1 Sample

C2 Sealdtrength

Temperaturs

Select |
Help |

Termo quadratico da regressao

Store result in variable: ITemqurd

Expression:

Temperaturex=2|

]

[~ ]~
[ [e]=]=

Functions:

IAl 1 functions

Absolute valus

Cancel

=

Devese criar a variavel
guadratica e em seguida rodar
0 modelo enRegression

[+ ]
i j Antilog
2 Arcsine
® Arcocosine
Arctangent
0 / And Ceiling
J Cosine
H¥ or Current time
() Not Select |
ok |
Funcéao
quadratica
Select |
Help

ISealStrength
— E— Termo quadratico
Temperature TempSgrd -
S mpSard) -
=~
Observe residuos
VIF
Graphs... Options...
Results... Storage...
Armazena
oK cancel residuos

Previséo | Pedro Paulo Balestrassi | www.pedro.unifei.edu.br

83



Regressao Curvilinea

The regression equation is X e X2 séo

SealStrength =923 + 7.45 Temperature - 0.0125 TempSqrd fortemente
correlacionados.

Predictor Coef StDev T B IF Nenhuma surpresa

Constant 922.98 72.33 12.76 0.000

Temperat 7.4469 05033 14.80 0.000 132.%

TempSqrd - 0.0124596 0.0008499 -14.66 0.00 0.9

S=25.18 R -Sq =694% R -Sq(adj ) =68.7%

Analysis of Variance .
Concluséao: Existe uma curvatura

Source DF SS MS = =) significativa
Regression 2 139321 69661 109.87 0.000

Residual Error 97 61498 634

Total 99 200819

Source DF Seq SS
Temperat 1 3051
TempSqrd 1 136270

Unusual Observations

Obs  Temperat SealStre Fit StDev Fit Residual St Resid
32 250 2060.00 2005.99 3.38 54.01 2.16R
42 260 2070.00 2016.91 3.44 53.09 2.13R
78 210 1880.00 1937.37 5.58 -57.37 - 2.34R
89 260 1960.00 2016.91 3.44 -56.91 - 2.28R
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Regressao Multipla

Uma reacao Quimica foi realizada

Temperatura| Pressao | Tempo

sob seis pares de diferentes

condicOes de presséo e 20 ha 04
temperatura. A ha 0.

30 12 97
Em cada caso foi medido o tempo a0 10 95
necessario para que a reacao se = 10 5O
completasse. Obter a equacéao de a0 0g 55

regressao do tempo em relacéo a

presséo e temperatura. 5
Regressao.mtw
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Regressao Multipla: Resultados

AStat><Regression> <Regression>

AResponse (Y)=Tempo

Mredictor(X)=Temperatura Press&o

The regression edquation 1is

Tempo = 15,4 - 0,106 Temperatura - 4,68 Prezsiao

Predictor Coef SE Coet T
Constant 15,428 1,827 10,08
Temnperat -0,10617 0,01391 -7,63
Pressdo -4,.681 1,089 -4.30
5 = 0,3383 E-3q = 96,5% E-3glad]) =

Menores
que 0,05

94, 2%

Maior melhor
Analvysiz of Variance

Aource DF R M5
Fegression 2 9,.4500 4,.7250
Fezidual Error 3 0,3433 0,1144
Total o 99,7933

Source DF aedg 33

Temperat 1 7,3369

Pressdn 1 2,1131

F P
41,29 0,007
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Exemplo

92 estudantes americanos
participam de um simples
experimento. Cada estudante

i Pulso1 | Pulso? | Corrida Fumante| Sexo Altura Peso | Cabelo
registra o seu peso, altura, B4 a8 1 2 1 EB6M0 140 1
género, pulso e se é fumante 58 & 1 2 | 72001 145 1

~ . b2 76 1 1 1 7350 160 1
ou ndo. Todos eles jogam uma o . 1 : i mm m 1
moeda e sorteiam se vao dar 64 80 1 2 1 8900 155 i
uma corrida (cara) ou n&o por ad N 1 . G :
) , ) o4 o4 1 2 1 J200 140 1
um minuto. ApOS a Cor”da, 5= 72 1 2 1 7400 190 1
todos os alunos registram o 52 75 1 2 1 72m0 195 1
7B 1138 1 2 1 71,00 138 1
seu pulso novamentg. pm | = = 1 1 T —— 1
aluno sugere que seja inserida a0 95 1 2 1 7200 155 1
a seguinte Aimportantebo
consideracao: Se a pessoa
pinta o cabelo ou nao. ~
Regressao.mtw
Desejase fazer uma regressao
do segundo pulso em relacéo a
todas as outras variaveis.
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Resultac

AcStat><Regression> <Regression>

AResponse (Y)=Pulso2

Mredictor(X)=Pulsol Corrida ... PintaCabelo

Regression Analysis: Puls¢2 versus Pulse1; Corrida; ...

The regression edquation is
Pulsod = 41,5 4+ 0,819 Pulsol - 20,3 Corrida + 0,82 Fumante + &
+ 0,135 Altura - 00,0545 Peso + 0,30 Cabelo

rd

OS

Equacao de regressao
inicial. Muito complexa

Correlations: Pulso1; Corrida; Fumante; Sexo; Altura; Peso; Cahelo

Pulsol Corrida Fumante Sexa Lltura Peso
Predictor Coef SE Coetf T P Corrida -0,052
Constant 41,54 32,16 1,z9 0,200 0,621
Pulsol 0,81870 0,09555 &,57 0,000
Corrida —20;325 2;039 —9;?3 |:|,-|:||:||:| Fumante -0,129 0,066 o
Fumante 0,819 2,247 0,3 0,716 0.221 0,535 <Correlation>
Sexo 6,206 5,768 1,08 0,285
Altura 0,1345 0,4754 0,28 0,777 Sawn 0,285 0,107 0,129
Peso -0,05451 0,073l -0,75 0,455 0,006 0,311 0,220
Cahelo 0,303 4,330 0,06 0,351
. Altura -0,212 -0,228 -0,056 -0,714
8= 9,342 R-3q = 72,4% R-Hgiadj) = 70,1% 0,043 0,028 0,594 0,000
Pezo -0,202 -0,2z18 -0,200 -0,709 0,785
0,053 0,037 0,058 0,000 0,000
Correlagdo muito alta. Cabelo 0,193 0,107 0,178 / 0,908\ -0,6l3 -0,615
Quem pmta cabelo é 0, 0e5 0,511 0, 0sm 0,000 0,000 0,000

Afger al menteo mul her

Cell Contents:

Pearson correlation
P-Value
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Matrix Plots

Matrix Plot of Pulsol; Pulso2: Corrida; Fumante:; Sexo:; Altura; ...

50

100

1300

15
1

2,I(1,0

15
1

75100
|

1&;)0

200 1,0
TR |

15
1

2,0

1 I.' o ]
&
Pulsol ”..

65 70
1 1
..

100

75

280

Pulso2 l

MR
F

Corrida

Fumante

Sexo

Altura

A<Graph><Matrix Plots> <Simple>

AGraph Variables=Pulsol Corrida ... PintaCabelo

A<Matrix Options> Upper right

100

— 1,5

Peso

Pinta Cabelo

1

70
65

200
150
100
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Analise de Residuos

Percent

Frequency

Normal Probability Plot of the Residuals

99,9

99 -

90 -

50 -

Residual Plots for Pulso2

Residuals Versus the Atted Values

° ° L
20 S v o
—= 107 ¢ 4
g [ ) . Lot ¢ .;.
=) (I » [ XY o
7 0-40* e o° —v
Q ° ~ *%% ° hd
™ 10/ e o &0 )
¢e o
-201 ° °
.30 B 0 15 30 40 60 80 100 120
Residual Fitted Value
Histogram of the Residuals Residuals Versus the Order of the Data
[ ]
20 °
E 10-
N O
é )
-10-
[ J
L) L) L) L) L) -20- T T T T T T T T T T
-20 -10 0 10 20 1 10 20 30 40 50 60 70 80 90
Residual Observation Order
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Best Subsets

=
)
R
w

b I Ty O O Y O O P e 0 T T el o

CF
Fou
U Ern
lraisd
2 1ne
Mallows odtx
F-3qg EBE-3qgiad] C-p 3 laean
38,0 101,55 13,538 X
33,3 115,99 14,041 X
67,7 12,7 9,321% X X
47 .2 75,3 12,560 X X
72,1 1,1 29,1751 X X x
0,8 2,1 89,3853 X X
T2,3 2,5 9,1948 X X X
72,2 2,8 9,2115 X X X X
72,4 4,3 9,234 X X x
T2,4 4,3 89,2378 X X XX
2,5 70,5 6,1l 99,2779 XX XX
72,5 70,5 B,2 9,28268 X X X
72,5 70,2 g,0 9,32806 X X XX

r o B i
o oW o

o

Lo

L L

(s =

[ T s O = v B |

s

Regression Analysis: Pulso2 versus Pulso1; Corrida; Sexo

The regression equation is
Pulsc2 = 42,6 + 0,812 Pulsol - 20,1 Corrida + 7,75 Sexo

Predictor Coef SE Coef T P
Constant 42,618 7,388 5,79 0,000
Pulsol 0,81217 0,09151 4,88 0,000
Corrida -20,069 1,939 -10,09 0,000
Sexo 7,753 2,073 3,74 0,000
3= 9,175 B-3g = 72,1% RE-Sgladj) = 71,2%
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Supervisor Performance Data

Row ¥ .:'ir]_ X:g _:1.'3 Xq .:I'I:, AR
1 43 51 3n 39 6l a2 45
2 63 64 51 54 63 73 47
3 71 70 4% 6y Th Bt 45
4 61 63 45 47 54 "4 i5
5 81 78 56 66 71 83 47
6 43 55 49 44 54 49 K
7 5K 67 42 36 6 68 35
B 7l 73 50 35 0 66 41
9 '?2 32 % (A 1 L¥ ] 11
{? 2: gi 30 departments /

12 67 60 Responses from

}i :: S; guestionnaires / Likert
15 77 7 scale 1-5/{1, 2} favorable
16 81 o0

o i a5 response and {3, 4, 5}
18 65 60 unfavorable responses
19 i 70

20 S0 it

21 A0 40

22 fid 6l

23 53 66

74 Al A7

Industrial Psychology/ Employee satisfaction with their supervisor / X1, X2, X5
(relationship employee and supervisor) / X3, X4 (less personal), X6 (not related
to the supervisor).
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