47 Exponential

Smoothing Methods

If vou have to forecast, forecast often.
EDGAR R. FIEDLER., American economist
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Smoothing a data set
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Additive Multiplicative
Seasonality Seasonality

No seasonality

ConstantTrend Constant Trend with Constant Trend with
Non-seasonal Additive Seasonality Multiplicative Seasonality
No Trend m\ o /\
Upward Linear Trend Upward Linear Trend with Upward Linear Trend with
Non-seasonal Additive Seasonality Multiplicative Seasonality
Additive
Trend
n
Upward Exponential Trend Upward Exponential Trend with Upward Exponential Trend with
Non-seasonal Additive Seasonality Multiplicative Seasonality
Multiplicative
Trend
3 Order Polynomial Trend 34 Order Polynomial Trend with 3¢ Order Polynomial Trend with
Non-seasonal Additive Seasonality Multiplicative Seasonality

Polynomial
Trend
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Videos sobre Smoothing Methods

Galit Shmuel

. Moving Average for visualization
Moving Average for forecasting
Differencing

. Simple exponential smoothing (SES)
Holt's exponential smoothing

. Winter's exponential smoothing

. Automation and prediction intervals

N o U wWN R
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https://www.youtube.com/user/ProfGalitShmueli/videos
https://www.youtube.com/watch?v=7Rz_ITRIADg&t=81s
https://www.youtube.com/watch?v=Vdv9GSrgLQU
https://www.youtube.com/watch?v=re6N30kBMes
https://www.youtube.com/watch?v=Fqge2HDH2Co
https://www.youtube.com/watch?v=DUyZl-abnNM
https://www.youtube.com/watch?v=mrLiC1biciY
https://www.youtube.com/watch?v=WATKhwRvW14

Minitab Smoothing Methods
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Minitab Moving Average

Moving Average

Variable: | | MA length: |7

Center the moving averages

Generate forecasts
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Minitab Single Exponential Smoothing

Single Exponential Smoothing

Variable:

Weight to Use in Smoothing
f+ QOptimal ARIMA

{ Use: ||:|,2

| Generate forecasts
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Minitab Double Exponential Smoothing

Double Exponential 5moothing

Variable: | |

Weights to Use in Smoothing
i+ Optimal ARIMA

" Use: | 0,2 Far lewvel

I 0,2 For krend

| [T Generate forecasts

Murnber of Forecasts: |

Starting From arigin: |
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Minitab WintersEMethod

Winters' Method

Variable: | |
Method Type

fo Multiplicative
(~ Additive

|  Generate forecasts

Seasonal length:

Weights to Use in Smoothing

Level: 0,2
Trend: 0,2
Seaszonal: 0,2
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Minitab Moving Average
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Smoocth data by averaging consecutive observations and forecast values
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Moving Average Plot for Metals

Variable
—e— Actual
— @ — Fits
-—#-- Forecasts
—& — 95,0% PI

Moving Average
Length 3

Accuracy Measures
MAPE 0,890317
MAD 0,402299
MSD  0,255287

e aRO&FO % ™ @ . B
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Moving Average for Metals

Data

Metals

Length 60
NMissing O

Moving Average

Length 3

Accuracy Measures

MAPE 0,890317
MAD 0,402299
MSD 0,255287

Forecasts

Period Forecast

61
62
63
64
65
66

49,2 48,2097
49,2 48,2097
49,2 48,2097
49,2 48,2097
49,2 48,2097
49,2 48,2097

Lower

50,1903
50,1903
50,1903
50,1903
50,1903
50,1903

Upper

To calculate a moving average, Minitab
averages consecutive groups of
observations in a series. For example,
suppose a series begins with the numbers
4,5, 8,9, 10 and you use the moving
average length of 3. The first two values of
the moving average are missing. The third
value of the moving average is the average
of 4, 5, 8; the fourth value is the average of
5, 8, 9; the fifth value s the average of 8, 9,
10.
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Centered moving average
By default, moving average values are placed at the period in which they are
calculated. For example, for a moving average length of 3, the first numeric
moving average value is placed at period 3, the next at period 4, and so on.
When you center the moving averages, they are placed at the center of the range
rather than the end of it. This is done to position the moving average values at
their central positions in time.

If the moving average length is odd: Suppose the moving average length is
3. In that case, Minitab places the first numeric moving average value at period 2,
the next at period 3, and so on. In this case, the moving average value for the
first and last periods is missing ( *).

If the moving average length is even: Suppose the moving average length
Is 4. The center of that range is 2.5, but you cannot place a moving average
value at period 2.5. This is how Minitab works around the problem. Calculate the
average of the first four values, call it MA1. Calculate the average of the next four
values, call it MA2. Average those two numbers (MA1 and MA2), and place that
value at period 3. Repeat throughout the series. In this case, the moving average
values for the first two and last two periods are missing ( *).

Previséo | Pedro Paulo Balestrassi | www.pedro.unifei.edu.br

13



Single Exponential Smoothing:
When to Use

+ c1 a2 | @ c4 €5 €6 [ c3 €3 ci | cn €12 C13 c14 C15 €16 car EEED €20 2 c22 c23 c2 €25 c26 | €21 28 CI~

Trade | Food [ Wetais |
14 318 515 418
15 320 515 401
16 3% 524 420
T3 332 633 424 |
18 334 55 431 | [ Use for'
19 335 642 424 | | .
0 336 696 431
21 335 69.3 432 D - M
IR — S ata with no trend, and I
5 342 £5.3 43.0 ]
24 348 636 428 | | | |

5 o= o ~ - Data with no seasonal pattern

s 5 =& . Short term forecasting

351 636 445
32 354 68.8 450 : .

~ Forecast profile

7 387 601 49| | | "

35 362 556 452 | | .

36 68 539 152 FI t I

37 18| 533 450 " a I n e

38 45 531 455

39 49| 635 462 | | .

» = 2« ARIMA equivalent: (0,1,1) model
s 362 539 475 | . ] y
n 367 571 483

3 366 6847 483

“ 30| 694 491

a5 7| 703 459

1% 35| 626 494

a7 380 57.9 500

18 385 55.8 500

9 31| 648 495

50 364 E42 499

51 357 B46 4956

52 367 543 507

Welcome to Minitab, press Fl for help.
.

AF O,

Z7/08/2012
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Optimal ARIMA weight
1 Minitab fits with an ARIMA (0,1,1) model and

T U T T -
File Edit Data E;:: Stat Graph Editor Tools Window Help As;lstagt- - . Stores the fItS-
e o, e SRR 9 The smoothed values are the ARIMA model fits,
e but lagged one time unit
Tr“;ﬁ[ Fw: : : | : : ~ | .
G =5 | | 3 Initial smoothed value (at time one) by

16 326 524 420

A =) backcasting:

a m s oG e . initial smoothed value = [smoothed in period two - a
s o= omoa = | (data in period 1)]/ (1 - a)

i — — . where 1- a estimates the MA parameter.

= = w4 e e .| Specified weight

?1) j:] ;;; ij. _ e | Grephs.. | Ress.. | | . . . ] -
nm o owe i e | =] em i f 1 Minitab uses the average of the first six (or N, if

0w i ub— ; — N < 6) observations for the initial smoothed value
S | | ~ (at time zero). Equivalently, Minitab uses the

s w o m o | | average of the first six (or N, if N < 6) observations
T — | | ~ for the initial fitted value (at time one). Fit(i) =

g on oo | | ~ Smoothed(i-1).

AR IR | | 2 Subsequent smoothed values are calculated

a @ w | | ~ from the formula:

e | | ~ smoothed value attime t = a (data at t) + (1 - a)

: ST (smoothed value at time t - 1)

where a is the weight.
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I i The fitted value at time t is
f;;{fg e ok 30 guh thy Jok s g bt the smoothed value at time
t-1. The forecasts are the

& £+ B3 - Qll[x TOON ° 111

fitted value at the forecast
Smoothing Plot for Metals Pt
Single Exponential Method qugln' If you forecast 10
time units ahead, the
Variable
—e— Actual forecasted value for each
—m—- Fit . . .
roecasts | time will be the fitted value
&P __ at the origin. Data up to the
e e origin are used for the
Accuracy Measures SmOO'[h | ng .
wo sy IN Naive forecasting, the
MSD 042%6  fgrecast for time t is the
data value at time t-1.
Perform single exponential
smoothing with a weight of
e one to give naive

Index forecastinag.

521

50+

48

46 -

Metals

Prediction limits

Based on the mean absolute deviation (MAD). The formulas for the upper and lower limits are:
Upper limit = Forecast + 1.96 * 1.25 * MAD

Lower limit = Forecast - 1.96 * 1.25 * MAD

The value of 1.25 is an approximate proportionality constant of the standard deviation to the mean
absolute deviation. Hence, 1.25 * MAD is approximately the standard deviation.
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| Fite Edit Daste Calc Stat Graph Editor Jools Window Help Assistant

jR@ s melo- B ti1hiQed CBBOSE W CEE

| &

[ —

el SAIX[a[NTooy

27/08/2012 14:52:59

Results for: Employ.MTW

Data
Li

Metala
ength &0

Smeothing Constant

Alpha 1,04170

Accuracy Measures
MAPE 1,11648

MAD  0,50427

MSD  0,4295¢
Forecasts

Period Forecast  Lower  Upper
61 42,0560 46,3206 43,2914

52 48,0560 46,3205 42,2914
3 48,0560 46,3206 45,2914
64 42,0560 46,3206 43,2914
s 18,0560 46,2206 43,2914
&6 48,0560 46,5206 43,2914

Welcome to Minitab, press F1 for help.
_—

helccme to Minitab, press F1 for help.

Single Exponential Smoothing for Metals

Single Exponential Smoothing Plot for Metals

The three accuracy measures, MAPE,
MAD, and MSD, were 1.12, 0.50, and 0.43,
respectively for the single exponential
smoothing model, compared to 1.55, 0.70,
and 0.76, respectively, for the moving
average fit (see Example of moving
average). Because these values are
smaller for single exponential smoothing,
you can judge that this method provides a
better fit to these data.

[Editable |

= £0R =
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mk:@MSITStore:C:/Program Files (x86)/Minitab/Minitab 16/resources/1033/MtbST.chm::/ST_Time_Series/Moving_Average/Example_of_Moving_Average.htm
mk:@MSITStore:C:/Program Files (x86)/Minitab/Minitab 16/resources/1033/MtbST.chm::/ST_Time_Series/Moving_Average/Example_of_Moving_Average.htm

Double Exponential Smoothing
(Holt) When to Use

.FI Edit Data Calc Stst Graph Edif

=H & %%@ ! T M ==Y R EE I

Fo | =0 o | o 2

[ — A — |

. c1 2 3 c4 5 €6 (=} cs =) c10 =L ciz c13 cia cis c16 (=1 c18 c1e c20 c 22 i caa €5 =3 [=1] c Ci-
T S alE i Il | | | | I | | I | | [l | | | | I

14 38 515 418

15 320 515 401

16 326 524 420

17 2| 833 424

18 4| 865 431

19 335, 642 424 | | |

20 336 696 431] | | U f . |

2 335 693 432 | | S e O r . | =

n 338 565 428

P2 2| 853 430 .

E - = - ~ - Data with constant or non-constant

25 330 823 425 [

% 3% 514 128] | I

27 329 517 423

W w s as trend. an

2 45| E22 436 | | )

30 EIGA] 47 | .

s A ~ - Data with no seasonal pattern

) 354 688 450

33 355 669 448

34 87 601 449 .

S ~ - Short term forecastin

36 35 639 452 | |

37 38 533 450 | |

38 345 531 455 - .

I ~ Forecast profile:

0 355 5356 468

a 362 534 475 | . - .

B — ~ - Straight line with slope equal to last

3 66| 647 483

4 370 694 1381

15 | 703 489 | | =

I ~ trend estimate

a7 380, 579 500/ | |

48 385 558 50,0

) 361 248 496 - .

R -~ ARIMA equivalent: moae

51 357 56 496 1 1

51' 37| 543 507 | |

Current Warkihe eet: Eimploy MTW
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File Edit Data Calc Stst Graph Editor

MTW =]

Tools Window Help Assistant

FEH & 4 BE Ay Qe EBB@E AT BPE
EETT LA
x| f 2 bat
: ct cz c3 c4 o5 €6 (=] (=] c9
Trade | Food | Metals | |
14 318 I —n
= = 215 | Double Epenentl Soothing ==
16 326 524 Ei 1 arés Variabie: | Matals|
it i 4 G ves Vielghts te Lise in Smaathing
18 334 855 (v Optimial ARIMA
19 EE e e [52
20 336 695 52
7 335 69.3
» 338 8. [¥ Generate forecas ts
73 343 £5.3 Mumber of forecasts: |5
2 348 836 Starting from origin:
2 330 823
2% 6| 515 Ti | ostens.. | storage.. |
27 329 51,7 e
2% 37| B15 e | Reait., |
2 M5 se2 Help Lo | oo |
30 350 57.1
M 31 635 EwEm T v -
32 354 68.8 150
33 355 6.9 8
34 357 50.1 449
35 E 452
3% 365 | 39 452
37 38 533 450
38 345 531 45
39 349 515 462
40 35 635 168
a 32| 639 475
B 7| 811 483
3 366 647 483
4 370 694 1381
25 | 703 489
6 5 626 494
a7 380, 579 50,0
18 385 55.8 500
49 361 548 496
50 54 542 409
51 37| 646 196 |
52 37| 543 507 |
d fe

— s |:

Smooth data by Holt double-exponeritial smoothing and forecast valu

= - [1]

Weights

Optimal ARIMA weights

1 Minitab fits with an ARIMA (0,2,2) model to
the data, in order to minimize the sum of

squared errors.

2 The trend and level components are then
initialized by backcasting.

Specified weights

1 Minitab fits a linear regression model to
time series data (y variable) versus time (x
variable).

2 The constant from this regression is the
initial estimate of the level component, the
slope coefficient is the initial estimate of the
trend component.

When you specify weights that correspond to
an equal-root ARIMA (0, 2, 2) model, Holt's
method specializes to Brown's method.?!

N.R. Farnum and L.W. Stanton (1989).
Quantitative Forecasting Methods. PWS-Kent.
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Minitab - Untitled - [Double Expensatial Smoathing Plot for Metals
|dl File Edit Dats Calc Stat Graph Editor Jools Window Help Assistant
By = rTi g Q28 | EBBORE Y EEBEN B

=H &

—  SA@iwhe+ez2 X QlhRTooN - lam

Metals

Smoothing Plot for Metals
Double Exponential Method

Variable
—e— Actual
——m—- Fits

Forecasts
—-A—-- 95,0% PI

Smoothing Constants
Alpha (level) 1,03840
Gamma (trend) 0,02997

Accuracy Measures
MAPE 1,19684
MAD  0,54058
MSD  0,46794

Because the difference in
accuracy measures for the
two exponential smoothing
methods are small, you
might consider the type of
forecast (horizontal line
versus line with slope) in
selecting between
methods. Double
exponential smoothing
forecasts an employment
pattern that is slightly
increasing though the last
four observations are
decreasing. A higher weight
on the trend component
can result in a prediction in
the same direction as the
data, which may be more
realistic, but the measured
fit may not be as good as
when Minitab generated
weights are used.
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Double Exponential Smoothing for Metals

Dzta Metals

Length 60

Smoothing Constants
Riphs (level) 1,03840
Gamma (trend) 0,02997
Accuracy Measures

MAPE 1,13684

MAD  0,54058
MSD  0,48794

Forecasts

Period Forecast Lower Upper
6L 48,0961 46,7718 49,4205
&2 48,1357 46,0800 50,2113
&3 48,1752 45,3135 51,0388
&4 48,2147 44,5548 51,8747
€5 48,2542 43,7833 52,7184
68 48,2937 43,0221 53,5852

Double Exponential Smoothing Plot for Metals
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File Edit Data Calc Stst Graph Editor Tools Window Help Assistant

FH & 4 BE Ay Qe dBRE@HERET PR B
o | =82 oo o | I
| =l | bl o I el
: ct cz
Trade E = 1 =, .
=z Winters' Method, Additive
320 515
326 524 :
= = Model: When to Use
T 555
335, 642 424 | [ I
336 696 431 | [ |
335 693 432
738 58.5 428
32 56.3 430
348 836 428
330 823 425
326 | 515 428
329 51,7 423
a7 515 4239
45| E22 436
3|0, 574 a7
31 636 445
354 §8.8 150
355 6.9 448
387 60,1 449
E 452
35 639 452
38 533 450 | |
345
> | Winters' Method
385 | I n terS Et O y
362 . . .
a
o
= | Multiplicative Model: When
70
- | to Use
s
380, 579 50.0
385 55.8 500
361 548 195
54 542 409
37| 646 496
37| 543 507
e

Ty - Straight line multiplied by seasonal

Use for:

Data with or without trend

Data with seasonal pattern

Size of seasonal pattern not proportional
to data

Short to medium range forecasting
Forecast profile:

Straight line with seasonal pattern added
on
ARIMA equivalent: none

Use for:

Data with or without trend

Data with seasonal pattern

Size of seasonal pattern proportional to
data

Short to medium range forecasting
Forecast profile:

pattern
ARIMA equivalent: none
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File Edit Data Calc| Stst Graph Editor Tools Window Help Assistant

EH & % =) Basic Statistics 3 ® ? o @ @ ﬂ ﬂ -vEl I G@ E
- T | Regressio 3

Al i | ANOVA v
I | poe , LIRS |

. c1 €2 Control Cherts +E5 6 | 1 @ | o o | o | 2

Trad_e E Duality Tools

14 38| 510 Reliability/Survival

15 320

186 326 B |+ Time Series Plot...

17 332 b

18 T | Trend Analysis...

19 335 | ‘i Decomposition...

20 335_ = Moving Average..,

) 338 |2 Single Exp Smoothing...

2 jjg 2:2 igi lﬂ Double Exp Smoothing..

23 33, . Wit ere Mcthoe

2 348 36 428 b BT

25 330 | 52.3 425 f- Differences..

26 26| 515 128] [ B Lag..

2z 323 S 42.3 [t Autocorrelation..

2 Br| 616 4238 | | Je= Partial Autocorrelation...

29 345 | 822 43.6 m Cross Correlation...

30 350 577 47

- Multiplicative model for

. decomposition

: Use when the size of the seasonal

pattern depends on the level of the

data. This model assumes that as

the data increase, so does the

seasonal pattern. Most time series

= plots exhibit such a pattern. In this

7 model, the trend and seasonal
components are multiplied and
then added to the error component.

P2 S e P Y] S

Additive model

A data model in which the effects of individual
factors are differentiated and added together to
model the data. They appear in several Minitab
commands:

An additive model is optional for
Decomposition procedures and for Winter's
method. Use an additive model when the
magnitude of the data does not affect its
seasonal pattern.

An additive model is optional for two-way
ANOVA procedures. Choose this option to omit
the interaction term from the model.

Median polish creates an additive model to
describe data in a two-way table. This additive
model describes raw data as the sum of row
effects, column effects, residuals, and a
common effect.

oY .
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Model fitting
Winters' method employs a level component, a trend

TR Py —— component, and a seasonal component at each period. =
sae.nc im0 oacsts cesesswsaen |t uses three weights, or smoothing parameters, to
e = —Jx.o0 ypdate the components at each period. Initial values
TR — | | for the level and trend components are obtained from a
- ... = linear regression on time. Initial values for the seasonal
=5 ] e e | COMpONENt are obtained from a dummy-variable

s o ow = =~ | regression using detrended data.

= Bl |

| A——e— |

You can enter weights, or smoothing parameters, for the level, trend, and seasonal
components. The default weights are 0.2 and you can enter values between 0 and 1.
Since an equivalent ARIMA model exists only for a very restricted form of the Holt-
Winters model, Minitab does not compute optimal parameters for Winters' method as it
does for single and double exponential smoothing.

Regardless of the component, large weights result in more rapid changes in that
component; small weights result in less rapid changes. The components in turn affect
the smoothed values and the predicted values. Thus, small weights are usually
recommended for a series with a high noise level around the signal or pattern. Large
weights are usually recommended for a series with a small noise level around the signal.
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For these data, MAPE,
MAD, and MSD were
1.88,1.12, and 2.87,
respectively, with the
multiplicative model.
MAPE, MAD, and MSD
were 1.95, 1.15, and
2.67, respectively
(output not shown) with
the additive model ,
indicating that the
multiplicative model
provided a slightly
better fit according to
two of the three
accuracy measures.
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